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Abstract. In this paper we present some basic results of the Universal
Algebra of C∞−rings which were nowhere to be found in the current lit-
erature. The outstanding book of I. Moerdijk and G. Reyes, [24], presents
the basic (and advanced) facts about C∞−rings, however such a presen-
tation has no universal algebraic “flavour”. We have been inspired to
describe C∞−rings through this viewpoint by D. Joyce in [15]. Our main
goal here is to provide a comprehensive material with detailed proofs of
many known “taken for granted” results and constructions used in the
literature about C∞−rings and their applications - such proofs either
could not be found or were merely sketched. We present, in detail, the
main constructions one can perform within this category, such as limits,
products, homomorphic images, quotients, directed colimits, free objects
and others, providing a “propaedeutic exposition” for the reader’s ben-
efit.
Introduction
As observed by E. Dubuc in [13], a C∞−ring is a model of the algebraic
theory which has as n−ary operations all the smooth functions from Rn into R,
and whose axioms are all the equations that hold between these functions. Since
every polynomial is smooth, all C∞−rings are, in particular, R−algebras. This
point of view allows us to regard this theory as an extension of the concept of
R−algebra.
The theory of C∞−rings has been originally studied in view of its applica-
tions to Singularity Theory and in order to construct topos-models for Synthetic
Differential Geometry (the Dubuc Topos, for instance), which “grew out of ideas
of Lawvere in the 1960s” (cf. [15]). Recently, however, this theory has been ex-
plored by some eminent mathematicians like David I. Spivak and Dominic Joyce
in order to extend Jacob Lurie’s program of Derived Algebraic Geometry to De-
rived Differential Geometry (cf. [15] and [16] ).
Just as any Lawvere theory, C∞−rings can be interpreted within any topos.
In this specific case, a C∞−ring in a topos E is a finite product preserving func-
tor from the category whose objects are the Cartesian products of R and whose
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morphisms are the smooth functions between them, into E (see, for example,
[21]). In this work, however, we focus on set-theoretic C∞−rings (i.e., C∞−rings
in the topos of sets, Set).
This is the first paper of a series that presents a detailed account of some
algebraic aspects of C∞−rings. Some categorial and logical aspects were given in
[5]. In the next papers we are going to present some topics on Smooth Commuta-
tive Algebra and von Neumann regular C∞−rings. Here we present and analyze
a C∞−ring as a universal algebra whose functional symbols are the symbols for
all smooth functions from Cartesian powers of R to R. Such an approach em-
phasizes the power of a C∞−ring in interpreting a broader language than the
algebraic one, which is expressed in terms of the R−algebra structure. It also
has the advantage of giving us explicitly many constructions, such as products,
coproducts, directed colimits, among others, as well as simpler proofs of the main
results.
We make a detailed exposition of the description of free C∞−rings in terms
of a colimit, and we use it to account the often used description of an arbitrary
C∞−rings in terms of generators and relations.
Our idea of describing C∞−rings from a universal-algebraic point of view was
mainly inpired by the clear and elegant presentation made by Dominic Joyce in
[15] - which we found very enlightening.
Overview of the paper: We begin by presenting the equational theory of
C∞−rings in terms of a first order language with a denumerable set of variables.
We define the class of C∞−structures and the (equationally defined) subclass of
C∞−rings.
In the Section 2 we present a detailed description of the main constructions
involving C∞−rings: C∞−subrings (Definition 8), intersections (Proposition
1), the C∞−subring generated by a set (Definition 9), the directed union
of C∞−rings (Proposition 2), products (Definition 10), C∞−congruences
(Definition 11) and quotients (Definition 12), homomorphic images (Propo-
sition 7), directed colimits (Theorem 4) and small projective limits (Theorem
5). We present and prove the “Fundamental Theorem of C∞−Homomorphism”
(Theorem 3). We prove also that the category of C∞−rings is a reflective sub-
category of the category of all C∞−structures (Theorem 6).
We dedicate Section 3 to describe the free C∞−rings, first with a finite set
of generators and then with an arbitrary set of generators. We use this construc-
tion in order to describe an adjunction between the category of all C∞−rings and
C∞−homomorphisms, C∞Rng and the category of sets, Set (Proposition 11).
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In Section 4 we describe other constructions, and in Subsection 4.1 we
use Hadamard’s lemma (Theorem 7) to prove that the ring-theoretic ideals of
any finitely generated C∞−ring classify their congruences (Proposition 13).
We extend this result by presenting a proof for the general case (Proposition
17).
We prove that any C∞−ring can be expressed as a directed colimit of finitely
generated C∞−rings (Theorem 8) and in Subsection 4.2 we present an ex-
plicit description for the C∞−coproduct of C∞−rings (Definition 13). We end
up this work presenting an ubiquitous construction in Algebra in the Subsec-
tion 4.3, namely the C∞−ring of C∞−polynomials, constructed in terms of the
C∞−product. Such a construction will play an important role in the future pa-
pers on Smooth Commutative Algebra and von Neumann Regular C∞−rings.
1 Preliminaries: The equational theory of C∞-rings
The theory of C∞−rings can be described within a first order language L with
a denumerable set of variables (Var(L) = {x1, x2, · · · , xn, · · · }) whose nonlogical
symbols are the symbols of C∞−functions from Rm to Rn, with m,n ∈ N, i.e.,
the non-logical symbols consist only of function symbols, described as follows:
For each n ∈ N, the n−ary function symbols of the set C∞(Rn,R), i.e.,
F(n) = {f
(n)|f ∈ C∞(Rn,R)}. So the set of function symbols of our language is
given by:
F =
⋃
n∈N
F(n) =
⋃
n∈N
C∞(Rn)
Note that our set of constants is R, since it can be identified with the set of all
0−ary function symbols, i.e., Const(L) = F(0) = C
∞(R0) ∼= C∞({∗}) ∼= R.
The terms of this language are defined, in the usual way, as the smallest set
which comprises the individual variables, constant symbols and n−ary function
symbols followed by n terms (n ∈ N).
Definition 1. A C∞−structure on a set A is a pair A = (A,Φ), where:
Φ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (A
n;A)
(f : Rn
C∞
→ R) 7→ Φ(f) := (fA : An → A)
,
that is, Φ interprets the symbols3 of all smooth real functions of n variables as
n−ary function symbols on A.
We call a C∞−struture A = (A,Φ) a C∞−ring if it preserves projections and
all equations between smooth functions. We have the following:
3 here considered simply as syntactic symbols rather than functions.
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Definition 2. Let A = (A,Φ) be a C∞−structure. We say that A (or, when
there is no danger of confusion, A) is a C∞−ring if the following is true:
• Given any n, k ∈ N and any projection pk : R
n → R, we have:
A |= (∀x1) · · · (∀xn)(pk(x1, · · · , xn) = xk)
• For every f, g1, · · · gn ∈ C
∞(Rm,R) withm,n ∈ N, and every h ∈ C∞(Rn,R)
such that f = h ◦ (g1, · · · , gn), one has:
A |= (∀x1) · · · (∀xm)(f(x1, · · · , xm) = h(g(x1, · · · , xm), · · · , gn(x1, · · · , xm)))
Definition 3. Let (A,Φ) and (B,Ψ) be two C∞−rings. A function ϕ : A → B
is called a morphism of C∞−rings or C∞-homomorphism if for any n ∈ N
and any f : Rn
C∞
→ R the following diagram commutes:
An
Φ(f)

ϕ(n) // Bn
Ψ(f)

A
ϕ // B
i.e., Ψ(f) ◦ ϕ(n) = ϕ ◦ Φ(f).
Since L does not contain any relational symbol, the set of the atomic for-
mulas, AF, is given simply by the equality between terms, that is
AF = {t1 = t2|t1, t2 ∈ T}
Finally, the well formed formulas, WFF are constructed as one usually
does in any first order theory.
One possible set of axioms for the theory of the C∞-rings can be given by
the following two sets of equations:
(E1) For each n ∈ N and for every k ≤ n, denoting the k-th projection by pk :
Rn → R, the equations:
Eqn,k(1) = {(∀x1) · · · (∀xn)(pk(x1, · · · , xn) = xk)}
(E2) for every k, n ∈ N and for every (n+2)−tuple of function symbols, (f, g1, · · · , gn, h)
such that f ∈ F(n), g1, · · · , gn, h ∈ F(k) and h = f ◦ (g1, · · · , gn), the equa-
tions:
Eqn,k(2) =
= {(∀x1) · · · (∀xk)(h(x1, · · · , xk) = f(g1(x1, · · · , xk), · · · , gn(x1, · · · , xk)))}
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The class of C∞−ring is, thus, equational, and as such it a
Now we present an alternative description of a C∞−rings making use of uni-
versal algebraic concepts,inspired by [15].
We first define the notion of a C∞−structure:
Definition 4. A C∞−structure on a set A is a pair (A,Φ), where:
Φ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (A
n;A)
(f : Rn
C∞
→ R) 7→ Φ(f) := (fA : An → A)
,
that is, Φ is a function that interprets the symbols4 of all smooth real functions
of n variables as n−ary function symbols on A.
Definition 5. Let (A,Φ) and (B,Ψ) be two C∞−structures. A function ϕ : A→
B is called a morphism of C∞−structures (or, simply, a C∞−morphism) if
for any n ∈ N and any f ∈ C∞ (Rn,R) the following diagram commutes:
An
Φ(f)

ϕ(n) // Bn
Ψ(f)

A
ϕ // B
i.e., Ψ(f) ◦ ϕ(n) = ϕ ◦ Φ(f).
Theorem 1. Let (A,Φ), (B,Ψ), (C,Ω) be any C∞−structures, and let ϕ : (A,Φ)→
(B,Ψ) and ψ : (B,Ψ)→ (C,Ω) be two morphisms of C∞−structures. We have:
(1) idA : (A,Φ)→ (A,Φ) is a morphism of C
∞−structures;
(2) ψ ◦ ϕ : (A,Φ)→ (C,Ω) is a morphism of C∞−structures.
Proof. Ad (1): Given any n ∈ N and any f ∈ C∞ (Rn,R), since idA
(n) = idAn ,
we have:
An
Φ(f)

id
(n)
A // An
Φ(f)

A
idA // A
so Φ(f)◦idA
(n) = Φ(f)◦idAn = Φ(f) = idA◦Φ(f), thus idA : (A,Φ)→ (A,Φ)
is a morphism of C∞−structures.
Ad (2): Suppose that ϕ : (A,Φ) → (B,Ψ) and ψ : (B,Ψ) → (C,Ω) are two
morphisms of C∞−structures, so given any m ∈ N and any f ∈ C∞(Rm,R) the
following diagrams commute:
4 here considered simply as syntactic symbols rather than functions.
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Am
Φ(f)

ϕ(m) // Bm
Ψ(f)

A
ϕ // B
Bm
Ψ(f)

ψ(m) // Cm
Ω(f)

B
ψ // C
Since (ψ ◦ ϕ)(m) = ψ(m) ◦ ϕ(m), the following diagram commutes:
Am
Φ(f)

(ψ◦ϕ)(m) // Cm
Ω(f)

A
(ψ◦ϕ)
// C
so ψ ◦ ϕ : (A,Φ)→ (C,Ω) is a morphism of C∞−structures.
Theorem 2. Let (A,Φ), (B,Ψ), (C,Ω), (D,Γ ) be any C∞−structures, and let
ϕ : (A,Φ)→ (B,Ψ), ψ : (B,Ψ)→ (C,Ω) and ν : (C,Ω)→ (D,Γ ) be morphisms
of C∞−structures. We have the following equations between pairs of morphisms
of C∞−structures:
ν ◦ (ψ ◦ ϕ) = (ν ◦ ψ) ◦ ϕ;
ϕ ◦ idA = idB ◦ ϕ.
Proof. Since, as functions, we have:
ν ◦ (ψ ◦ ϕ) = (ν ◦ ψ) ◦ ϕ
and
ϕ ◦ idA = idB ◦ ϕ
and the composition of morphisms of C∞−structures is again a morphism of
C∞−structures, it follows that the equality between morphisms of C∞−structures
holds.
Definition 6. We are going to denote by C∞Str the category whose objects are
the C∞−structures and whose morphisms are the morphisms of C∞−structures.
As a full subcategory of C∞Str we have the category of C∞−rings, defined
as follows:
Definition 7. Let (A,Φ) be a C∞−structure. We say that (A,Φ) is a C∞−ring
if the following two conditions are fulfilled:
(1) For each n ∈ N and for every k ≤ n, denoting the k-th projection by pk :
Rn → R, we have:
Φ(pk) = πk : A
n → A,
that is, each projection is interpreted as the canonical projection on the k−th
coordinate, πk : A
n → A
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(2) for every k, n ∈ N and for every (n+ 2)−tuple of smooth functions:
(f, g1, · · · , gn, h)
such that f ∈ C∞(Rn,R), g1, · · · , gn, h ∈ C
∞(Rk,R), we have:
h = f ◦ (g1, · · · , gn)⇒ Φ(h) = Φ(f) ◦ (Φ(g1), · · · , Φ(gn))
Given two C∞−rings (A,Φ) and (B,Ψ), a morphism of C∞−rings from (A,Φ)
to (B,Ψ), or a
C∞−homomorphism from (A,Φ) to (B,Ψ), is simply a morphism of C∞−struc-
tures from (A,Φ) to (B,Ψ). We will denote the category of C∞−rings and
C∞−homomorphisms by C∞Rng.
Thus, in the context of first order theories, a model of a C∞−ring is a
C∞−structure, A = (A,Φ) such that:
• For every n ∈ N, k ≤ n, denoting the projection on the k−th coordinate
by pk : R
n → R:
A |= (∀x1) · · · (∀xn)(pk(x1, · · · , xn) = xk)
that is, Φ(pk) = πk : A
n → A;
• For every n, k ∈ N, f ∈ C∞(Rn,R), h, g1, · · · , gn ∈ C
∞(Rk,R) such that
h = f(g1, · · · , gn):
A |= (∀x1) · · · (∀xk)(h(x1, · · · , xk) = f(g1(x1, · · · , xk), · · · , gn(x1, · · · , xk))
that is, Φ(h) = Φ(f)(Φ(g1), · · · , Φ(gn)).
As we are going to see later on, the category of C∞−rings and its morphisms
has many constructions, such as arbitrary products, coproducts, directed colim-
its, quotients and many others. It also “extends” the category of commutative
unital rings, CRing, in the following sense:
Remark 1. Since the sum + : R2 → R, the opposite, − : R → R, · : R2 → R
and the constant functions 0 : R → R and 1 : R → R are particular cases
of C∞−functions, any C∞−ring (A,Φ) may be regarded as a commutative ring
(A,Φ(+), Φ(·), Φ(−), Φ(0), Φ(1)), where:
Φ(+) : A×A → A
(a1, a2) 7→ Φ(+)(a1, a2) = a1 + a2
Φ(−) : A→ A
a 7→ Φ(−)(a) = −a
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Φ(0) : A0 → A
∗ 7→ Φ(0)
Φ(1) : A0 → A
∗ 7→ Φ(1)
where A0 = {∗}, and:
Φ(·) : A×A → A
(a1, a2) 7→ Φ(·)(a1, a2) = a1 · a2
Thus, we have a forgetful functor:
U˜ : C∞Rng→ CRing
(AΦ)
ϕ

(B,Ψ)
7→ (A,Φ(+), Φ(·), Φ(−), Φ(0), Φ(1))
ϕ↾

(B,Ψ(+), Ψ(·), Ψ(−), Ψ(0), Ψ(1))
U˜ : C∞Rng→ CRing
Analogously, we can define a forgetful functor from the category of C∞−rings
and C∞−homomorphisms into the category of commutative R−algebras with
unity,
Uˆ : C∞Rng→ R−Alg
These functors will be analyzed with detail in the next paper, [3].
2 The main constructions in the category of C∞−rings
Since the theory of C∞−rings is equational, the class C∞Rng is closed in
C∞Str under many algebraic constructions, such as substructures, products,
quotients, directed colimits and others. In this section we give explicit descrip-
tions for some of these constructions.
2.1 C∞−Subrings
We begin defining what we mean by a C∞−subring.
Definition 8. Let (A,Φ) be a C∞−ring and let B ⊆ A. Under these circum-
stances, we say that (B,Φ′) is a C∞−subring of (A,Φ) if, and only if, for any
n ∈ N, f ∈ C∞(Rn,R) and any (b1, · · · , bn) ∈ B
n we have:
Φ(f)(b1, · · · , bn) ∈ B
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That is to say that B is closed under any C∞−function n-ary symbol. Note that
the C∞−structure of B is virtually the same as the C∞−structure of (A,Φ), since
they interpret every smooth function in the same way. However Φ′ has a different
codomain, as:
Φ′ :
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func (B
n, B)
(Rn
f
→ R) 7→ (Φ(f) ↾Bn : B
n → B)
We observe that Φ′ is the unique C∞−structure such that the inclusion map:
ιAB : B →֒ A
is a C∞−homomorphism.
We are going to denote the class of all C∞−subrings of a given C∞−ring
(A,Φ) by Sub (A,Φ).
Next we prove that the intersection of any family of C∞−subrings of a given
C∞−ring is, again, a C∞−subring.
Proposition 1. Let {(Aα, Φα)|α ∈ Λ} be a family of C
∞−subrings of (A,Φ), so
(∀α ∈ Λ)(∀n ∈ N)(∀f ∈ C∞(Rn,R))(Φα(f) = Φ(f) ↾Aαn : Aα
n → Aα)
We have that: (⋂
α∈Λ
Aα, Φ
′
)
where:
Φ′ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func
((⋂
α∈ΛAα
)n
,
⋂
α∈ΛAα
)
(Rn
f
→ R) 7→ Φ(f) ↾(
⋂
α∈Λ Aα)
n :
(⋂
α∈Λ Aα
)n
→
⋂
α∈ΛAα
is a C∞−subring of (A,Φ).
Proof. Let n ∈ N, f ∈ C∞(Rn,R) and (a1, · · · , an) ∈
(⋂
α∈Λ Aα
)n
.
Since for every i ∈ {1, · · · , n} we have ai ∈
⋂
α∈ΛAα, we have, for every
α ∈ Λ, ai ∈ Aα for every i ∈ {1, · · · , n}.
Since every (Aα, Φα) is a C
∞−subring of (A,Φ), it follows that for every
α ∈ Λ we have:
Φα(f)(a1, · · · , an) := Φ(f) ↾Anα (a1, · · · , an) ∈ Aα
thus
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Φ′(f)(a1, · · · , an) = Φα(f) ↾(
⋂
α∈Λ Aα)
n (a1, · · · , an) ∈
⋂
α∈Λ
Aα
so the result follows.
As an application of the previous result, we can define the C∞−subring gen-
erated by a subset of the carrier of a C∞−ring:
Definition 9. Let (A,Φ) be a C∞−ring and X ⊆ A. The C∞−subring of (A,Φ)
generated by X is given by:
〈X〉 =
⋂
X⊆Ai
(Ai,Φi)(A,Φ)
(Ai, Φi),
where (Ai, Φi)  (A,Φ) means that (Ai, Φi) is a C
∞−subring of (A,Φ)
together with the C∞−structure given in Proposition 1.
We note that, given any C∞−ring (A,Φ), the map of partially ordered sets
given by:
σ : (℘(A),⊆)→ (Sub (A),⊆)
X 7→ 〈X〉
satisfies the axioms of a closure operation.
2.2 Directed union of C∞−rings
In general, given an arbitrary family of C∞−subrings, (Aα, Φα)α∈Λ of a given
C∞−ring (A,Φ), its union,
⋃
α∈ΛAα, together with Φ ↾∪α∈ΛAα , needs not to be
a C∞−subring of (A,Φ). However, there is an important case in which the union
of a family of C∞−subrings of a C∞−ring (A,Φ) is again a C∞−ring. This case
is discussed in the following:
Proposition 2. Let (A,Φ) be a C∞−ring and let {(Aα, Φα)|α ∈ Λ}, Λ 6= ∅, be
a directed family of C∞−subrings of (A,Φ), that is, a family such that for every
pair (α, β) ∈ Λ× Λ there is some γ ∈ Λ such that:
Aα ⊆ Aγ
and
Aβ ⊆ Aγ
We have that: (⋃
α∈Λ
Aα, Φ
′
)
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where:
Φ′ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func
((⋃
α∈ΛAα
)n
,
⋃
α∈ΛAα
)
(Rn
f
→ R) 7→ Φ(f) ↾(
⋃
α∈Λ Aα)
n :
(⋃
α∈Λ Aα
)n
→
⋃
α∈ΛAα
is a C∞−subring of (A,Φ).
Proof. First we note that since Λ is directed, we have:
⋃
α∈Λ
(Aα)
n =
(⋃
α∈Λ
Aα
)n
Let n ∈ N, f ∈ C∞(Rn,R) and (a1, · · · , an) ∈
(⋃
α∈ΛAα
)n
. By definition of
the union
⋃
α∈ΛAα, for every i ∈ {1, · · · , n} there is some αi ∈ Λ such that:
ai ∈ Aαi .
Since {(Aα, Φα)|α ∈ Λ} is directed, given (Aα1 , Φα1), · · · , (Aαn , Φαn), there
is some γ ∈ Λ such that for every i ∈ {1, · · · , n} we have:
Aαi ⊆ Aγ
Thus, (a1, · · · , an) ∈ A
n
γ , and since (Aγ , Φγ) is a C
∞−subring of (A,Φ), it
follows that:
Φγ(f)(a1, · · · , an) := Φ(f) ↾Aγn (a1, · · · , an) ∈ Aγ ⊆
⋃
α∈Λ
Aα
Since Λ is directed and (Aγ)
n ⊆
(⋃
α∈λAα
)n
, we have:
Φ(f) ↾(
⋃
α∈Λ Aα)
n (a1, · · · , an) = Φ(f) ↾(Aγ)n (a1, · · · , an)
so:
Φ′(f)(a1, · · · , an) := Φ(f) ↾(
⋃
α∈ΛAα)
n (a1, · · · , an) =
= Φ(f) ↾(Aγ)n (a1, · · · , an) ∈ Aγ ⊆
⋃
α∈Λ
Aα
Thus, for every (a1, · · · , an) ∈
(⋃
α∈ΛAα
)n
, we have Φ′(f)(a1, · · · , an) ∈⋃
α∈ΛAα.
This proves that
(⋃
α∈ΛAα, Φ
′
)
is a C∞−subring of (A,Φ).
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2.3 Products, C∞−Congruences and Quotients
Next we describe the products in the category C∞Rng, that is, products of ar-
bitrary families of C∞−rings.
Definition 10. Let {(Aα, Φα)|α ∈ Λ} be a family of C
∞−rings. The product
of this family is the pair: (∏
α∈Λ
Aα, Φ
(Λ)
)
where Φ is given by:
Φ(Λ) :
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func
((∏
α∈ΛAα
)n
,
∏
α∈ΛAα
)
(f : Rn
C∞
→ R) 7→
Φ(Λ)(f) :
(∏
α∈ΛAα
)n
→
∏
α∈ΛAα
((x1α)α∈Λ, · · · , (x
n
α)α∈Λ) 7→ (Φα(f)(x
1
α, · · · , x
n
α))α∈Λ
Remark 2. In particular, given a C∞−ring (A,Φ), we have the product C∞−ring:
(A×A,Φ(2))
where:
Φ(2) :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func ((A×A)
n, A×A)
(f : Rn
C∞
→ R) 7→ (Φ× Φ)(f) : (A×A)n → A×A
and:
Φ(2)(f) : (A×A)n → A×A
((x1, y1), · · · , (xn, yn)) 7→ (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn))
We turn now to the definition of congruence relations in C∞−rings. As we
shall see later on, the congruences of a C∞−rings will be classified by their ring-
theoretic ideals.
Definition 11. Let (A,Φ) be a C∞−ring. A C∞−congruence is an equivalence
relation R ⊆ A×A such that for every n ∈ N and f ∈ C∞(Rn,R) we have:
(x1, y1), · · · , (xn, yn) ∈ R⇒ Φ
(2)(f)((x1, y1), · · · , (xn, yn)) ∈ R
In other words,a C∞−congruence is an equivalence relations that preserves
C∞−function symbols.
A characterization of a C∞−congruence can be given using the product
C∞−structure, as we see in the following:
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Proposition 3. Let (A,Φ) be a C∞−ring and let R ⊆ A×A be an equivalence
relation. Under these circumstances, R is a C∞−congruence on (A,Φ) if, and
only if, (R ×R,Φ(2)
′
), where:
Φ(2)
′
:
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func (R
n, R)
(Rn
f
→ R) 7→ Φ(2)(f) ↾Rn : R
n → R
is a C∞−subring of (A×A,Φ(2)), with the structure described in the Remark
2.
Proof. Given any n ∈ N, f ∈ C∞(Rn,R), ((x1, y1), · · · , (xn, yn)) ∈ R
n we have,
by definition:
Φ(2)(f)((x1, y1) · · · , (xn, yn)) := (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn))
and since R is a C∞−congruence, we have:
((x1, y1), · · · , (xn, yn)) ∈ R
n ⇒ Φ(2)(f)((x1, y1), · · · , (xn, yn)) ∈ R
Since:
Φ(2)(f)((x1, y1), · · · , (xn, yn)) = (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn))
it follows that
((x1, y1), · · · , (xn, yn)) ∈ R
n ⇒ (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn)) ∈ R
Also, since Rn ⊆ (A×A)n,
Φ(2)(f) ↾Rn ((x1, y1), · · · , (xn, yn)) = Φ
(2)(f)((x1, y1), · · · , (xn, yn))
so
Φ(2)
′
(f)((x1, y1), · · · , (xn, yn)) = Φ
(2)(f) ↾Rn ((x1, y1), · · · , (xn, yn)) =
= Φ(2)(f)((x1, y1), · · · , (xn, yn)) = (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn)) ∈ R
Thus (R,Φ(2)
′
) is a C∞−subring of (A×A,Φ(2)).
Conversely, let R be an equivalence relation on A such that (R,Φ(2)
′
) is a
C∞−subring of (A×A,Φ(2)).
Given any n ∈ N, f ∈ C∞(Rn,R) and (x1, y1), · · · , (xn, yn) ∈ R, since
(R,Φ(2)
′
) is a C∞−subring of (A×A,Φ(2)), we have Φ(2)
′
(f)((x1, y1), · · · , (xn, yn)) ∈
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R.
By definition,
Φ(2)
′
(f)((x1, y1), · · · , (xn, yn)) = Φ
(2)(f) ↾Rn ((x1, y1), · · · , (xn, yn))
and since Rn ⊆ (A×A)n, we have:
Φ(2)(f) ↾Rn ((x1, y1), · · · , (xn, yn)) = Φ
(2)(f)((x1, y1), · · · , (xn, yn))
and
Φ(2)(f)((x1, y1), · · · , (xn, yn)) = (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn))
Thus,
(x1, y1), · · · , (xn, yn) ∈ R⇒ (Φ(f)(x1, · · · , xn), Φ(f)(y1, · · · , yn)) ∈ R
and R is a C∞−congruence.
Remark 3. Given a C∞−ring (A,Φ) and a C∞−congruence R ⊆ A×A, let:
A
R
= {a|a ∈ A}
be the quotient set. Given any n ∈ N, f ∈ C∞(Rn,R) and (a1, · · · , an) ∈(
A
R
)n
we define:
Φ :
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func
((
A
R
)n
,
A
R
)
(f : Rn
C∞
→ R) 7→
(
Φ(f) :
(
A
R
)n
→
A
R
)
where:
Φ(f) :
(
A
R
)n
→
A
R
(a1, · · · , an) 7→ Φ(f)(a1, · · · , an)
Note that the interpretation above is indeed a function, that is, its value does
not depend on any particular choice of the representing element. This means that
given (a1, · · · , an), (a′1, · · · , a
′
n) ∈
(
A
R
)n
such that (a1, a
′
1), · · · , (an, a
′
n) ∈ R, we
have:
Φ(f)(a1, · · · , an) = Φ(f)(a1, · · · , an)
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and since R is a C∞−congruence,
(a1, a
′
1), · · · , (an, a
′
n) ∈ R⇒ (Φ(f)(a1, · · · , an), Φ(f)(a
′
1, · · · , a
′
n)) ∈ R
so:
Φ(a1, · · · , an) = Φ(f)(a1, · · · , an) = Φ(f)(a′1, · · · , a
′
n) = Φ(f)(a
′
1, · · · , a
′
n)
The above construction leads directly to the following:
Definition 12. Let (A,Φ) be a C∞−ring and let R ⊆ A×A be a C∞−congruence.
The quotient C∞−ring of A by R is the ordered pair:(
A
R
,Φ
)
where:
A
R
= {a|a ∈ A}
and
Φ :
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func
((
A
R
)n
,
A
R
)
(f : Rn
C∞
→ R) 7→
(
Φ(f) :
(
A
R
)n
→
A
R
)
where Φ(f) is described in Remark 3.
The following result shows that the canonical quotient map is, again, a
C∞−homomorphism.
Proposition 4. Let (A,Φ) be a C∞−ring and let R ⊆ A×A be a C∞−congruence.
The function:
q : (A,Φ)→
(
A
R
,Φ
)
a 7→ a
is a C∞−homomorphism.
Proof. Let n ∈ N and f ∈ C∞(Rn,R). We are going to show that the following
diagram commutes:
An
qn //
Φ(f)

(
A
R
)n
Φ(f)

A
q
//
(
A
R
)
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Given (a1, · · · , an) ∈ A
n, we have on the one hand:
Φ(f)◦qn(a1, · · · , an) = Φ(f)(q(a1), · · · , q(an)) = Φ(f)(a1, · · · , an) := Φ(f)(a1, · · · , an)
On the other hand,
q ◦ Φ(f)(a1, · · · , an) = Φ(f)(a1, · · · , an)
so Φ ◦ qn = q ◦ Φ(f), and q is a C∞−homomorphism.
We remark that the structure given above is the unique C∞−structure such
that the quotient map is a C∞−homomorphism.
Proposition 5. Let (A,Φ) and (B,Ψ) be two C∞−rings and let ϕ : (A,Φ) →
(B,Ψ) be a C∞−homomorphism. The set:
ker(ϕ) = {(a, a′) ∈ A×A|ϕ(a) = ϕ(a′)}
is a C∞−congruence on (A,Φ).
Proof. It is easy to check that ker(ϕ) is an equivalence relation on A.
Let n ∈ N, f ∈ C∞(Rn,R) and (a1, a
′
1), · · · , (an, a
′
n) ∈ ker(ϕ), that is:
(∀i ∈ {1, · · · , n})(ϕ(ai) = ϕ(a
′
i))
We are going to show that (Φ(f)(a1, · · · , an), Φ(f)(a
′
1, · · · , a
′
n)) ∈ ker(ϕ).
Since ϕ is a C∞−homomorphism, we have the following commutative dia-
gram:
An
ϕn //
Φ(f)

Bn
Ψ(f)

A
ϕ
// B
thus, we have:
ϕ(Φ(f)(a1, · · · , an)) = Ψ(f)(ϕ(a1), · · · , ϕ(an)) =
= Ψ(f)(ϕ(a′1), · · · , ϕ(a
′
n)) = ϕ(Φ(f)(a
′
1, · · · , a
′
n))
and (Φ(f)(a1, · · · , an), Φ(f)(a
′
1, · · · , a
′
n)) ∈ ker(ϕ).
Corollary 1. Let (A,Φ) and (B,Ψ) be two C∞−rings and let ϕ : (A,Φ) →
(B,Ψ) be a C∞−homomorphism. Then (ker(ϕ), Φ(2)
′
) is a C∞−subring of (A×
A,Φ(2)).
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Proposition 6. For every C∞−congruence R ⊆ A×A in (A,Φ), there are some
C∞−ring (B,Ψ) and some C∞−homomorphism ϕ : (A,Φ) → (B,Ψ) such that
R = ker(ϕ).
Proof. It suffices to take (B,Ψ) =
(
A
R
,Φ
)
and ϕ = qR : (A,Φ)→
(
A
R
,Φ
)
Theorem 3. (Fundamental Theorem of the C∞−Homomorphism) Let
(A,Φ) be a C∞−ring and R ⊆ A×A be a C∞−congruence. For every C∞−ring
(B,Ψ) and for every C∞−homomorphism ϕ : (A,Φ) → (B,Ψ) such that R ⊆
ker(ϕ), that is, such that:
(a, a′) ∈ R⇒ ϕ(a) = ϕ(a′),
there is a unique C∞−homomorphism:
ϕ˜ :
(
A
R
,Φ
)
→ (B,Ψ)
such that the following diagram commutes:
(A,Φ)
q

ϕ // (B,Ψ)
(
A
R
,Φ
) ϕ˜
77♥
♥
♥
♥
♥
♥
♥
that is, such that ϕ˜ ◦ q = ϕ, where Φ is the canonical C∞−structure induced on
the quotient A
R
Proof. Define:
ϕ˜ :
A
R
→ B
a 7→ ϕ(a)
and note that ϕ˜ defines a function, since given (a, a′) ∈ R, i.e., such that
a = a′, we have ϕ(a) = ϕ(a′), so ϕ˜(a) = ϕ(a) = ϕ(a′) = ϕ˜(a′).
As functions, we have ϕ˜ ◦ q = ϕ.
Given n ∈ N and f ∈ C∞(Rn,R), the following diagram commutes,(
A
R
)n
ϕ˜n //
Φ(f)

Bn
Ψ(f)
A
R ϕ˜
// B
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since for any (a1, · · · , an) ∈
(
A
R
)n
we have:
ϕ˜ ◦ Φ(f)(a1, · · · , an) = ϕ˜(Φ(f)(a1, · · · , an)) := ϕ(Φ(f)(a1, · · · , an))
and since ϕ is a C∞−homomorphism, we have:
ϕ(Φ(f)(a1, · · · , an)) = Ψ(f)(ϕ(a1), · · · , ϕ(an))
thus:
ϕ˜ ◦ Φ(f)(a1, · · · , an) = Ψ(f)(ϕ(a1), · · · , ϕ(an)).
On the other hand, we have:
Ψ(f) ◦ ϕ˜n(a1, · · · , an) = Ψ(f)(ϕ˜(a1), · · · , ϕ˜(an)) = Ψ(f)(ϕ(a1), · · · , ϕ(an))
so
(∀(a1, · · · , an) ∈
(
A
R
)n
)(ϕ˜ ◦ Φ(f)(a1, · · · , an) = Ψ(f) ◦ ϕ˜
n(a1, · · · , an)),
and ϕ˜ is a C∞−homomorphism.
Thus we have the following equation of C∞−homomorphisms:
ϕ˜ ◦ q = ϕ.
Since q is surjective, it follows that ϕ˜ is unique.
The following result is straightforward:
Proposition 7. Let (A,Φ) and (B,Ψ) be two C∞−rings and let ϕ : (A,Φ) →
(B,Ψ) be a C∞−homomorphism. The ordered pair:
(ϕ[A], Ψ ′)
where:
Ψ ′ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (ϕ[A]
n, ϕ[A])
(Rn
f
→ R) 7→ Ψ(f) ↾ϕ[A]n: ϕ[A]
n → ϕ[A]
is a C∞−subring of (B,Ψ), called the homomorphic image of A by ϕ.
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Corollary 2. Let (A,Φ) and (B,Ψ) be two C∞−rings and let ϕ : (A,Φ) →
(B,Ψ) be a C∞−homomorphism. As we have noticed in Proposition 7, (ϕ[A], Ψ ′)
is a C∞−subring of (B,Ψ).
Under these circumstances, there is a unique C∞−isomorphism:
ϕ˜ :
(
A
ker(ϕ)
, Φ
)
→ (ϕ[A], Ψ ′)
such that the following diagram commutes:
(A,Φ)
q

ϕ // (ϕ[A], Ψ ′)
(
A
ker(ϕ)
, Φ
) ϕ˜
66❧❧❧❧❧❧❧
that is, such that ϕ˜ ◦ q = ϕ, where Φ is the canonical C∞−structure induced on
the quotient Aker(ϕ)
Proof. Applying the previous result to R = ker(ϕ) yields the existence of a
unique C∞−homomorphism such that the diagram commutes. We need only to
prove that ϕ˜ is bijective.
Given a, a′ such that ϕ˜(a) = ϕ˜(a′), by definition we have ϕ(a) = ϕ(a′), so
(a, a′) ∈ ker(ϕ) and a = a′.
Also, given any y ∈ ϕ[A], there is some a ∈ A such that ϕ(a) = y. Thus,
ϕ˜(a) = ϕ(a) = y, so ϕ is surjective.
2.4 Directed Colimits of C∞−Rings
The following result is going to be used to construct directed colimits of C∞−rings.
Lemma 1. Let (A,Φ) be a C∞−ring. The ordered pair:
(A× {α}, Φ× idα)
where:
Φ× idα :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func ((A× {α})
n, A× {α})
(Rn
f
→ R) 7→
Φ(f)× idα : (A× {α})
n → A× {α}
((a1, α), · · · , (an, α)) 7→ (Φ(f)(a1, · · · , an), α)
is a C∞−ring and:
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π1 : A× {α} → A
(a, α) 7→ a
is a C∞−isomorphism, that is:
(A,Φ) ∼=π1 (A× {α}, Φ× idα)
Proof. It is clear that π1 is a bijection, so it suffices to prove it is a C
∞−homomorphism
such that its inverse:
ι1 : A→ A× {α}
a 7→ (a, α)
is a C∞−homomorphism.
Let n ∈ N and f ∈ C∞(Rn,R). Given ((a1, α), · · · , (an, α)) ∈ (A×{α})
n, we
have:
π1◦((Φ×idα)(f))((a1, α), · · · , (an, α)) = π1(Φ(f)(a1, · · · , an), α) = Φ(f)(a1, · · · , an)
and
Φ(f)◦πn1 ((a1, α), · · · , (an, α)) = Φ(f)(π1(a1, α), · · · , π1(an, α)) = Φ(f)(a1, · · · , an).
Thus, the following diagram commutes:
(A× {α})n
πn1 //
(Φ×idα)(f)

An
Φ(f)

A× {α}
π1
// A
and π1 is a C
∞−homomorphism.
Also, for any (a1, · · · , an) ∈ A
n we have:
(Φ×idα)◦ι
n(a1, · · · , an) = (Φ×idα)((a1, α), · · · , (an, α)) = (Φ(f)(a1, · · · , an), α)
and
ι ◦ Φ(f)(a1, · · · , an) = (Φ(f)(a1, · · · , an), α)
so the following diagram commutes:
An
ιn //
Φ(f)

(A× {α})n
(Φ×idα)

A
ι
// A× {α}
and ι is a C∞−homomorphism, inverse to π1.
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Now we are going to describe the construction of directed colimits of directed
families of C∞−rings.
Theorem 4. Let (I,≤) be a directed set and let ((Aα, Φα), µαβ)α,β∈I be a di-
rected system. There is an object (A,Φ) in C∞Rng such that:
(A,Φ) ∼= lim−→
α∈I
(Aα, Φα)
Proof. Let:
A′ :=
⋃
α∈I
Aα × {α}
and consider the following equivalence relation:
R = {((a, α), (b, β)) ∈ A′ ×A′|(∃γ ∈ I)(γ ≥ α, β)(µαγ(a) = µβγ(b))}
Take A =
A′
R
and define the following C∞−structure on A:
Φ :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (A
n, A)
(Rn
f
→ R) 7→ (An
Φ(f)
→ A)
where Φ(f) : An → A is defined as follows: given ((a1, α1), · · · , (an, αn)) ∈
An, we have {α1, · · · , αn} ⊆ I, and since (I,≤) is directed, there is some α ∈ I
such that:
(∀i ∈ {1, · · · , n})(αi ≤ α)
We define:
Φ(f)((a1, α1), · · · , (an, αn)) := (Φα(f)(µα1α(a1), · · · , µαnα(an)), α)
We are going to show that this definition is independent of the choice of α.
Let β ≥ α1, · · · , αn so we have:
Φ(f)((a1, α1), · · · , (an, αn)) = (Φβ(f)(µα1β(a1), · · · , µαnβ(an)), β)
We need to show that there is some γ ∈ I such that γ ≥ α, β and:
µαγ(Φα(f)(µα1α(ai)), · · · , µαnα(an))) = µβγ(Φβ(f)(µα1β(ai)), · · · , µαnβ(an)))
Choose γ ≥ α, β. Then:
(∀i ∈ {1, · · · , n})(µβγ ◦ µαiβ = µαβ ◦ µαiα)
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Since µαγ : (Aα, Φα) → (Aγ , Φγ) is a C
∞−homomorphism, we have the
following commutative diagram:
Anα
µnαγ //
Φα(f)

Anγ
Φγ(f)

Aα µαγ
// Aγ
so
µαγ(Φα(f)(µα1α(a1)), · · · , Φα(f)(µαnα(an))) =
= Φγ(f)(µαγ(µα1α(a1)), · · · , µαγ(µαnα(an)))
and since:
(∀i ∈ {1, · · · , n})(µαγ ◦ µαiα = µαiγ)
we have:
µαγ(Φα(f)(µα1α(a1)), · · · , Φα(f)(µαnα(an))) = Φγ(f)(µα1γ(a1), · · · , µαnγ(an))
(1)
Also, since µβγ : (Aβ , Φβ)→ (Aγ , Φγ) is a C
∞−homomorphism, we have the
following commutative diagram:
Anβ
µnβγ //
Φβ(f)

Anγ
Φγ(f)

Aβ µβγ
// Aγ
so
µβγ(Φβ(f)(µα1β(a1)), · · · , Φβ(f)(µαnβ(an))) =
= Φγ(f)(µβγ(µα1β(a1)), · · · , µβγ(µαnβ(an)))
and since:
(∀i ∈ {1, · · · , n})(µβγ ◦ µαiβ = µαiγ)
we have:
µβγ(Φβ(f)(µα1β(a1)), · · · , Φβ(f)(µαnβ(an))) = Φγ(f)(µα1γ(a1), · · · , µαnγ(an))
(2)
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Comparing (1) and (2), we get:
µαγ(Φα(f)(µα1α(a1)), · · · , Φα(f)(µαnα(an))) =
= µβγ(Φβ(f)(µα1β(a1)), · · · , Φβ(f)(µαnβ(an)))
so
(Φα(µα1α(a1), · · · , µαnα(an)), α) = (Φβ(µα1β(a1), · · · , µαnβ(an)), β)
and Φ(f) does not depend on the choice of the index. The definition of Φ(f)
does not depend on the choice of the representing elements, (ai, αi)+R, either
5.
Hence Φ is a C∞−structure on A and this shows that (A,Φ) is a C∞−ring.
For each α ∈ I we define:
ηα : Aα × {α} → A
(a, α) 7→ (a, α)
Claim: ηα : Aα×{α} → A is a C
∞−homomorphism between (Aα×{α}, Φα×
idα) and (A,Φ).
Let n ∈ N and f ∈ C∞(Rn,R). Given ((a1, α), · · · , (an, α)) ∈ (Aα × {α})
n.
We have:
Φ(f) ◦ ηnα((a1, α), · · · , (an, α)) := (Φα × idα)(f)(ηα(a1, α), · · · , ηα(an, α)) =
= (Φα(f)(a1, · · · , an), α)
and
ηα ◦ (Φα × idα)(f)((a1, α), · · · , (an, α)) = ηα(Φα(f)(a1, · · · , an), α) =
= (Φα(f)(a1, · · · , an), α)
so the following diagram commutes:
(Aα × {α})
n
ηnα //
(Φα×idα)(f)

An
Φ(f)

Aα × {α} ηα
// A
5 the proof of this fact is analogous to the one we just made.
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Now we take, for each α ∈ I the following C∞−homomorphism:
λα := ηα ◦ ια : Aα → A
where ια : Aα → Aα × {α} is the C
∞−isomorphism described in Lemma 1.
Claim: (∀α ∈ I)(∀β ∈ I)(α ≤ β → λβ ◦ µαβ = λα), that is, the following
diagram commutes:
A
Aα × {α}
ηα
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠♠
Aβ × {β}
ηβ
hh◗◗◗◗◗◗◗◗◗◗◗◗◗◗◗
Aα
ια
OO
µαβ
// Aβ
ιβ
OO
Indeed, given a ∈ Aα, we have:
λβ ◦ µαβ(a) = ηβ ◦ ιβ(µαβ(a)) = ηβ(µαβ(a), β) = (µαβ(a), β)
and
λα(a) = ηα(ια(a)) = ηα(a, α) = (a, α)
Given any γ ≥ α, β, we have µαγ = µβγ ◦ µαβ , so:
µαγ(a) = µβγ(µαβ(a))
and ((a, α), (µαβ(a), β)) ∈ R, hence λβ ◦ µαβ(a) = λα(a), and the diagram com-
mutes.
Now we need only to show that ((A,Φ), λα) has the universal property of the
colimit.
Let (B,Ψ) be a C∞−ring and let ζα : Aα → B be a family of C
∞−homo-
morphisms such that for every α, β ∈ I with α ≤ β we have ζβ ◦ µαβ = ζα, that
is, the diagram:
B
Aα
ζα
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
µαβ
// Aβ
ζβ
gg❖❖❖❖❖❖❖❖❖❖❖❖❖❖
commutes. We are going to show that there is a unique C∞−homomorphism
θ : A→ B such that the following diagram commutes:
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B
A
∃!θ
OO✤
✤
✤
Aα
λα
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
ζα
11
µαβ
// Aβ
λβ
gg❖❖❖❖❖❖❖❖❖❖❖❖❖❖
ζβ
mm
Indeed, given any (a, α) ∈ A, we have (a, α) + R = λα(a) = λβ(µαβ(a)), so
we define:
θ : A → B
(a, α) 7→ ζα(a)
which is a function, since (ζα)α∈I is a commutative co-cone.
Claim: θ : (A,Φ)→ (B,Ψ) is a C∞−homomorphism.
Let n ∈ N and f ∈ C∞(Rn,R). Given ((a1, α1), · · · , (an, αn)) ∈ A
n, we have,
by definition,
Φ(f)((a1, α1), · · · , (an, αn)) = (Φα(f)(a1, · · · , an), α)
for every α ∈ I such that α ≥ αi, for every i ∈ {1, · · · , n}. Thus:
θ ◦ Φ(f)((a1, α1), · · · , (an, αn)) = θ((Φα(f)(µα1α(a1), · · · , µαnα(an)), α)) =
= ζα(Φα(f)(µα1α(a1), · · · , µαnα(an)))
On the other hand,
Ψ(f) ◦ θn((a1, α1) +R, · · · , (an, αn) +R) = Ψ(f)(ζα1(a1), · · · , ζαn(an)) =
= Ψ(f)(ζα(µα1α(a1)), · · · , ζα(µαnα(an)))
Since for every α ∈ I, ζα : Aα → B is a C
∞−homomorphism, it follows that:
ζα(Φα(f)(µα1α(a1), · · · , µαnα(an))) = Ψ(f)(ζα(µα1α(a1)), · · · , ζα(µαnα(an)))
so θ is a C∞−homomorphism.
Now, given a ∈ Aα, we have:
θ(λα(a)) = θ((a, α)) = ζα(a)
so the required diagram commutes.
Since A =
⋃
α∈I λα[Aα], θ is uniquely determined, and the result follows.
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Theorem 5. Given any small category J and any diagram:
D : J → C∞Rng
(α
h
→ β) 7→ (Aα, Φα)
D(h)
→ (Aβ , Φβ)
there is a C∞−ring (A,Φ) such that:
(A,Φ) ∼= lim←−
α∈I
D(α)
Proof. Consider the product C∞−ring:(∏
i∈I
Ai, Φ
(I)
)
and take:
A = {(aα)α∈I ∈
∏
α∈I
Aα|(∀α, β ∈ I)(∀α
h
→ β)(D(h)(aα) = aβ)} ⊆
∏
α∈I
Aα
together with the C∞−subring structure Φ′ of Φ(I).
We have ((A,Φ′), πα ↾A: A→ Aα) ∼= lim←−α∈I
(Aα, Φα)
Remark 4. Let Σ =
⋃
n∈N C
∞(Rn,R) and let X = {x1, x2, · · · , xn, · · · } be
a denumerable set of variables, so F (Σ,X) will denote the algebra of terms
of this language Σ. A class of ordered pairs will be simply a subset S ⊆
F (Σ,X)× F (Σ,X). In our case, these pairs are given by the axioms, so S con-
sists of the following:
• For any n ∈ R, i ≤ n and a (smooth) projection map pi : R
n → R we have:
(pi(x1, · · · , xi, · · · , xn), xi) ∈ S
• for every f, g1, · · · , gn ∈ C
∞(Rm,R) and h ∈ C∞(Rn,R) such that f =
h ◦ (g1, · · · , gn), we have
(h(g1(x1, · · · , xm), · · · , gn(x1, · · · , xm)), f(x1, · · · , xm)) ∈ S
Remark 5. The class of C∞−rings is a model of an equational theory, thus it
is a variety of algebras. However, if we were not given this information, noting
that the category of C∞−rings is closed under products, subalgebras and ho-
momorphic images, the HSP Birkhoff’s Theorem would lead us to the same
conclusion, that is, that the class C∞Rng is a variety of algebras, and by the
previous remark, C∞Rng = V (S), the variety of algebras defined by S.
In particular, we have some classical results. We list some of them:
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• for every set X there is a free C∞−ring determined by X ;
• any C∞−ring is a homomorphic image of some free C∞−ring;
• a C∞−homomorphism is monic if, and only if, it is an injective map;
• any indexed set of C∞−rings, {(Aα, Φα)|α ∈ I}, has a coproduct in C
∞Rng.
We end this section by proving that the (variety) of all C∞−rings is a reflec-
tive subcategory of C∞Str.
Theorem 6. The inclusion functor ι : C∞Rng →֒ C∞Str has a left adjoint L :
C∞Str→ C∞Rng: given by M 7→M/θM where θM is the least C
∞-congruence
of M such that M/θM ∈ Obj(C
∞Rng). Moreover, the unit of the adjunction
L ⊣ ι has components (qM )M∈Obj(C∞Str), where qM : M ։M/θM is the quotient
homomorphism.
Proof. Let (M,µ) be any C∞−structure and let |M | denote the underlying set
of (M,µ).
Consider ΓM = {θ ⊆ |M | × |M |; it is a congruence relation and M/θ ∈
Obj(C∞Rng)}. Γ is non-empty, since θ = |M | × |M | is a congruence relation
and M/θ = {∗} ∼= C∞(∅) ∈ Obj(C∞Rng). Let θM =
⋂
ΓM . We will show first
that θM ∈ ΓM . Since θM is a C
∞-congruence in M , it remains to check that
M/θM ∈ Obj(C
∞Rng).
Consider the diagonal C∞-morphism:
δM : M →
∏
θ∈ΓM
M/θ
m 7→ ([m]θ)θ∈ΓM
We have (m,n) ∈ ker(δM )⇔ ([m]θ)θ∈ΓM = ([n]θ)θ∈ΓM ⇔ (∀ θ ∈ ΓM )([m]θ =
[n]θ)⇔ (∀ θ ∈ ΓM )(mθn) ⇔ mθMn.
Thus, by the homomorphism theorem for C∞Str, there is a unique C∞-
monomorphism δ¯M : M/θM ֌
∏
θ∈ΓM
M/θ such the diagram below commutes
M
δM //
qM

∏
θ∈ΓM
M/θ
M/θM
δ¯M
88qqqqqqqqqq
Since C∞Rng is closed under products, we have that
∏
θ∈ΓM
M/θ ∈ Obj(C∞Rng).
We also have that C∞Rng is closed under substructures and isomorphisms, then
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M/θM is Obj(C
∞Rng).
Denote by L(M) := M/θM . We show that qM : M ։ ι(L(M)) satisfies
the universal property relatively to C∞-homomorphisms f : M → ι(N), with
N ∈ Obj(C∞Rng).
Thus, we obtain an injective C∞-morphism f¯ : M/ ker(f) ֌ ι(N). Since
C∞Rng is closed under substructures and isomorphisms, we have thatM/ ker(f) ∈
Obj(C∞Rng). Hence ker(f) ∈ ΓM and θM ⊆ ker(f). Then, again by the homo-
morphism theorem, there is a unique homomorphism f˜ : M/θM → N such that
the following diagram commutes
M
qM //
f ##●
●●
●●
●●
●●
ι(L(M))
ι(f˜)

ι(N)
3 Free C∞−Rings
Let E be any set. We are going to describe the free C∞−ring determined by E.
For any set E (finite or infinite), we set:
RE := {f : E → R|f is a function}
and
Func (RE ,R) = {g : RE → R|g is a function}.
Given any two finite subsets of E, Ei, Ej ⊆ E, whenever Ei ⊆ Ej we have
the restriction map:
µi,j : R
Ej ։ REi
f 7→ f ◦ ıi,j : Ei → R
where
ıi,j : Ei →֒ Ej
x 7→ x
is the inclusion map of Ei into Ej , and
ιi : Ei →֒ E
x 7→ x
is the inclusion map of Ei into E.
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We also have the injective pullback (defined by “composition”) associated
with µi,j , namely:
µ̂i,j : Func (R
Ei ,R) ֌ Func (REj ,R)
( REi
g // R ) 7→ ( REj
g◦µi,j // R )
Analogously that for each finite subset Ei of E we have the injective map
ιEi,E : Func (R
Ei ,R)→ Func (RE ,R) given by
ιEi,E : Func (R
Ei ,R) → Func (RE ,R)
( REi
f // R ) 7→
f˜ : RE → R
g 7→ f(g ◦ ιi : R
Ei → R)
Given f ∈ Func (REi ,R), on the one hand we have:
ιEj ,E ◦ µ̂i,j(f) = ιEj ,E(f ◦ µi,j) = f˜ ◦ µi,j ,
where
f˜ ◦ µi,j : R
E → R
g 7→ f ◦ µi,j(g ◦ ιj) = f ◦ (g ◦ ιj ◦ ıi,j) = f(g ◦ ιi)
and on the other hand,
f˜ : RE → R
g 7→ f(g ◦ ιi)
so (∀f ∈ Func (REi ,R))(ιEj ,E ◦ µ̂i,j(f) = ιEi,E(f)).
Thus, for every Ei, Ej such that Ei ⊆ Ej , the following diagram commutes:
Func (REi ,R)
ιEi,E ++
// µ̂i,j // Func (REj ,R)
ιEj,Ess
Func (RE ,R)
(3)
that is,
ιEj ,E ◦ µ̂i,j = ιEi,E .
Consider the following commutative diagram:
Func (REi ,R)
**
µ̂i **❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
// µ̂i,j // Func (REj ,R)
tt
µ̂jtt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐
lim
−→E′⊆fE
Func (RE
′
,R)
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which is the colimit diagram of the directed system (Func (REi ,R), µ̂i,j).
Recall that, concretely we have:
lim
−→
E′⊆fE
Func (RE
′
,R) =
⋃
Ei⊆fE
Func (REi ,R)× {Ei}
∼
where
(fi, Ei) ∼ (fj , Ej) ⇐⇒ (∃Ek ⊆f E)(Ei ⊆ Ek)(Ej ⊆ Ek)(µ̂i,k(fi) = µ̂j,k(fj))
Given the cone (3), the universal property of the colimit yields a unique
function
u : lim
−→
E′⊆fE
Func (RE
′
,R)→ Func (RE ,R)
such that the following diagram commutes:
Func (REi ,R)
µ̂i
**❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
ιEi,E
,,
// µ̂i,j // Func (REj ,R)
µ̂j
tt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐
ιEj,E
rr
lim
−→E′⊆fE
Func (RE
′
,R)
∃!u

Func (RE ,R)
Now we claim that u is an injective function.
Given any [(fi, Ei)], [(fj , Ej)] ∈ lim−→E′⊆fE
Func (RE
′
,R) such that:
u([(fi, Ei)]) = u([(fj , Ej)]),
and since µ̂i(fi) = [(fi, Ei)] and µ̂j(fj) = [(fj , Ej)], this is equivalent to:
ιEi,E(fi) = ιEj ,E(fj),
so:
(∀g ∈ RE)(f˜i(g) = f˜j(g))
i.e.,
(∀g ∈ RE)(fi(g ◦ ιi) = fj(g ◦ ιj)) (4)
Now, given any finite Ei and Ej , we can take Ek ⊆ E such that Ei ⊆ Ek and
Ej ⊆ Ek, namely Ek = Ei ∪ Ej . We are going to show that µ̂i,k(fi) = µ̂j,k(fj).
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Given any g : Ei ∪ Ej → R consider:
gˇ : E → R
x 7→
{
g(x), if x ∈ Ek
0 otherwise
and note that gˇ ◦ ιi = g ◦ ıik and gˇ ◦ ιj = g ◦ ıjk.
Thus we have:
µ̂i,k(fi)(g) = fi(g ◦ ıik) = fi(gˇ ◦ ιi)
(4)
= fj(gˇ ◦ ιj) = fj(g ◦ ıjk) = µ̂j,k(fj)(g)
Since g is arbitrary, we have:
µ̂i,k(fi) = µ̂j,k(fj)
and
[(fi, Ei)] = [(fj , Ej)],
so u is injective.
Therefore we can identify lim
−→E′⊆fE
Func (RE
′
,R) with a subset of Func (RE ,R),
namely:
u
[
lim
−→
E′⊆fE
Func (RE
′
,R)
]
.
In this sense, we say that lim
−→E′⊆fE
Func (RE
′
,R) consists of all functions
f : RE → R for which there are some finite E′ ⊆ E and some f ′ : RE
′
→ R with
u([(f ′, E′)]) = f . As an “abus de langage”, one says that lim
−→E′⊆fE
Func (RE
′
,R)
is the set of all functions f : RE
′
→ R for some E′ ⊆f E.
Now we proceed to describe the free C∞−ring determined by an arbitrary
set E.
Given two finite subsets of E, Ei, Ej ⊆ E, we set µ̂i,j ↾C∞(REi ): C
∞(REi)֌
C∞(REj )
µ̂i,j ↾C∞(REi ): C
∞(REi) → C∞(REj )
(REi
ĝ
→ R) 7→
ĝ ◦ µi,j : R
Ej → R
f 7→ ĝ(f ◦ ıij : R
Ei → R)
to be the restriction of the map µ̂i,j to C
∞(REi), so the following rectangle
commutes
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C∞(REi)
µ̂i,j↾
C∞(REi ,R) //
 _
ιi

C∞(REj )
 _
ιj

Func (REi ,R) //
µ̂i,j // Func (REj ,R)
and consider the following colimit diagram in Set:
C∞ (REi)
**
ℓi **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
//
µ̂i,j↾
C∞ (REi ) // C∞ (REj )
tt
ℓjtt❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
lim
−→E′⊆fE
C∞ (RE
′
)
Recall that:
lim
−→
E′⊆fE
C∞ (RE
′
) =
⋃
Ei⊆fE
C∞(REi)× {Ei}
∼
where
(fi, Ei) ∼ (fj , Ej) ⇐⇒
⇐⇒ (∃Ek ⊆f E)(Ei ⊆ Ek)(Ej ⊆ Ek)
(
µ̂i,k ↾C∞(REi ) (fi) = µ̂j,k ↾C∞(REj ) (fj)
)
so:
ℓi : C
∞(REi) → lim
−→E′⊆fE
C∞ (RE
′
)
(REi
fi
→ R) 7→ [(fi, Ei)]
We now claim that µ̂i,j ↾C∞(REi ): (C
∞(REi), ΦEi) → (C
∞(REj ), ΦEj ) is a
C∞−homomorphism.
Given any f ∈ C∞(Rn,R), we are going to show that the following diagram
commutes:
C∞(REi)n
ΦEi (f)

µ̂i,j↾
C∞(REi )
n
// C∞(REj )n
ΦEj (f)

C∞(REi)
µ̂i,j↾
C∞(REi )
// C∞(REj )
Let (ĝ1, · · · , ĝn) ∈ C
∞(REi)n. On the one hand we have:
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ΦEj (f)◦µ̂i,j ↾C∞(REi )
n(ĝ1, · · · , ĝn) = ΦEj (f)(µ̂i,j ↾C∞(REi ) (ĝ1), · · · , µ̂i,j ↾C∞(REi ) (ĝn))) =
= ΦEj (f)(ĝ1 ◦ µij , · · · , ĝn ◦ µi,j)
and on the other hand we have:
µ̂i,j ↾C∞(REi ) ◦ΦEi(f)(ĝ1, · · · , ĝn) = µ̂i,j ↾C∞(REi ) (
̂f ◦ (g1, · · · , gn)) =
= ( ̂f ◦ (g1, · · · , gn)) ◦ µi,j
Given any h ∈ REj , we have, on the one side:
ΦEj (f)(ĝ1 ◦ µij , · · · , ĝn ◦ µi,j)(h) = ΦEj (f)(ĝ1(h ◦ ıij), · · · , ĝn(h ◦ ıi,j)) =
= ΦEj (f)(ĝ1, · · · , ĝn)(h ◦ ıij) =
̂f ◦ (g1, · · · , gn)(h ◦ ıij)
and on the other hand:
[µ̂ij ↾C∞(REi ) ◦ΦEi(f)(ĝ1, · · · , ĝn)](h) = [µ̂ij ↾C∞(REi ) ◦(
̂f ◦ (g1, · · · , gn))](h) =
= [ ̂f ◦ (g1, · · · , gn) ◦ µij ](h) = ̂f ◦ (g1, · · · , gn)(h ◦ ıij)
so µ̂ij ↾C∞(REi ) is a C
∞−homomorphism.
We have, thus, the directed system ((C∞(REi), ΦEi), µ̂ij ↾C∞(REi )) of C
∞−rings,
and the following commutative diagrams (for any Ei, Ej ⊆f E) in C
∞Rng:
(C∞ (REi), ΦEi)**
ℓi **❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱❱
//
µ̂i,j↾
C∞ (REi ) // (C∞ (REj ), ΦEj )tt
ℓjtt❤❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤❤❤
❤❤
lim
−→E′⊆fE
(C∞ (RE
′
), ΦE′)
Note that each ℓi : (C
∞ (REi), ΦEi)→ lim−→E′⊆fE
(C∞ (RE
′
), ΦE′) is a C
∞−homomorphism.
Let us examine this colimit more closely. We denote:
C∞(RE) = lim
−→
E′⊆fE
C∞ (RE
′
)
and describe the C∞−structure on C∞(RE),
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ΦE :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (C
∞(RE)n, C∞(RE))
(Rn
f
→ R) 7→ ΦE(f) : C
∞(RE)n → C∞(RE)
where:
ΦE(f) : C
∞(RE)n → C∞(RE)
([(f̂1, E1)], · · · , [(f̂n, En)]) 7→ [(f ◦ (µ̂1k ↾C∞(RE1) (f̂1), · · · , µ̂nk ↾C∞(REn ) (f̂n)), Ek)]
and Ek = ∪
n
i=1Ei. We have thus:
f ◦ (µ̂1k ↾C∞(RE1) (f̂1), · · · , µ̂nk ↾C∞(REn ) (f̂n)) : R
Ek → R,
which belongs to C∞(REk), since µ̂1k ↾C∞(RE1) (f̂1), · · · , µ̂nk ↾C∞(REn ) (f̂n) ∈
C∞(REk) and f ∈ C∞(Rn).
Thus we have the C∞−ring:
(C∞(RE), ΦE)
Let E be any set, and write
lim
−→E′⊆fE
E′
E′
ιE′
66❧❧❧❧❧❧❧❧❧❧❧❧❧
ιE
′
E′′
// E′′
ιE′′
hh❘❘❘❘❘❘❘❘❘❘❘❘❘
For every finite subset E′ ⊆f E, we have the free C
∞−ring:
E′ : E
′ → U(C∞(RE
′
), ΦE′).
so we can form the commutative cone:
C∞(RE)
E′
ℓE′◦E′
66♠♠♠♠♠♠♠♠♠♠♠♠♠♠
ιE
′′
E′
// E′′
ℓE′′◦E′′
hh◗◗◗◗◗◗◗◗◗◗◗◗◗◗
The universal property of lim
−→E′⊆fE
E′ yields a unique function E : lim−→E′⊆fE
E′ →
C∞(RE) such that the following prism commutes in Set:
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E′
ιE′ //
ιE
′′
E′ $$❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
E′

lim
−→E′⊆fE
E′
∃!E
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
✤
E′′
ιE′′
::ttttttttttt
E′′

C∞(RE
′
)
ℓE′ //
µ̂E′E′′ ↾C∞(RE′ ) $$❏
❏❏
❏❏
❏❏
❏❏
❏❏
C∞(RE)
C∞(RE
′′
)
ℓE′′
::ttttttttttt
In Set we have:
lim
−→
E′⊆fE
E′ ∼=
⋃
E′⊆fE
E′ = E
so we have the function E : E → C
∞(RE).
Remark 6. Given a set E, for every finite subset E′ ⊆f E, with ♯E
′ = n, there
is a bijection ωn : {1, · · · , n} → E
′ and a corresponding C∞−isomorphism:
ω̂n : (C
∞(RE
′
), ΦE′)→ (C
∞(Rn), Ω).
Also, given E′′ ⊆f E and a bijection ωm : {1, · · · ,m} → E
′′, with E′ ⊆ E′′
(so with n ≤ m) we have the composite:
µ̂nm := ω̂m
−1
◦ µ̂E′E′′ ↾C∞(RE′) ◦ω̂n : C
∞(Rn)→ C∞(Rm)
so the following rectangle commutes:
C∞(RE
′
)
µ̂E′E′′ ↾C∞(RE′ ) // C∞(RE
′′
)
C∞(Rn)
ω̂n
OO
µ̂nm
// C∞(Rm)
ω̂m
OO
Considering Ei ⊆ Ej and the inclusion maps ιi : C
∞(REi) →֒ Func (REi), we
have the following commutative diagram:
36 J. C. Berni and H. L. Mariano
C∞(REi)
µ̂i,j↾
C∞(REi ) //
 _
ιi

C∞(REj )
 _
ιj

Func (REi ,R)
µ̂i
**❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
// µ̂i,j // Func (REj ,R)
µ̂j
tt✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐✐
✐✐✐
lim
−→E′⊆fE
Func (RE
′
,R)
By the universal property of lim
−→Ei⊆fE
C∞(REi ,R), in the category Set, given
the cone:
(µ̂i ◦ ιi : C
∞(REi ,R)→ lim
−→
E′⊆fE
Func (RE
′
,R)),
there is a unique function v : lim
−→E′⊆fE
C∞(RE
′
,R)→ lim
−→E′⊆fE
Func (RE
′
,R)
such that the following prism commutes:
C∞(REi ,R) //
µ̂i,j↾
C∞(REi ,R) //
ℓi
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
 _
ιi

C∞(REj ,R)
 _
ιj

ℓj
zztt
tt
tt
tt
tt
t
lim
−→E′⊆fE
C∞(RE
′
,R)

v

Func (REi ,R) // //
µ̂i
$$❏
❏❏
❏❏
❏❏
❏❏
❏❏
Func (REj ,R)
µ̂j
zztt
tt
tt
tt
tt
t
lim
−→E′⊆fE
Func (RE
′
,R)
where ℓi : C
∞(REi ,R)→ lim
−→E′⊆E
C∞(RE
′
,R) are the canonic colimit arrows.
We claim that v = ι : lim
−→E′⊆fE
C∞(RE
′
,R) →֒ lim
−→E′⊆fE
Func (RE
′
,R) (the
inclusion).
Given f ∈ lim
−→E′⊆fE
C∞(RE
′
,R), there is some Ek ⊆f E and some fk ∈
C∞(REk ,R) such that:
f = [(fk, Ek)] = ℓk(fk)
We have:
v(f) = v(ℓk(fk)) = µ̂k ◦ ιk(f) = µ̂k(f) = [(fk, Ek)] = f
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So we have lim
−→E′⊆fE
C∞(RE
′
,R) ⊆ lim
−→E′⊆fE
Func (RE
′
,R)֌ Func (RE ,R).
Hence, we can regard lim
−→E′⊆fE
C∞(RE
′
,R) as (an actual) subset of
lim
−→
E′⊆fE
Func (RE
′
,R),
and consider, as in [22], (C∞(RE), ΦE) as the ring of functions R
E → R which
smoothly depend on finitely many variables only.
The results given in the previous section assure the existence of some con-
structions within the category of C∞−rings, such as quotients, products, coprod-
ucts and so on.
As we shall see, the category of C∞−rings holds a strong relation with rings
of the form C∞(Rn).
In this section we are going to describe concretely such constructions in
C∞Rng.
Our definition of C∞−ring yields a forgetful functor:
U : C∞Rng → Set
(A,Φ) 7→ A
((A,Φ)
ϕ
→ (B,Ψ)) 7→ (A
U(ϕ)
→ B)
We are going to show that this functor has a left adjoint, the “free C∞−ring”,
that we shall denote by L : Set→ C∞Rng. Before we do it, we need the follow-
ing:
Remark 7. Given any m ∈ N, we note that the set C∞(Rn) may be endowed
with a C∞−structure:
Ω :
⋃
n∈N C
∞(Rn,R)→
⋃
n∈N Func (C
∞(Rm)n, C∞(Rm))
(Rn
f
→ R) 7→
Ω(f) = f ◦ − : C∞(Rm)n → C∞(Rm)
(h1, · · · , hn) 7→ f ◦ (h1, · · · , hn)
so it is easy to see that it can be made into a C∞−ring (C∞(Rm), Ω). From
now, when dealing with this“canonical” C∞−structure, we shall omit the symbol
Ω, writting C∞(Rm) instead of (C∞(Rm), Ω).
In fact, we are going to show that for finite sets X with ♯X = m, for in-
stance, the C∞−ring given in the previous remark is (up to isomorphism) the
free C∞−ring on m generators.
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Indeed, given any finite set X with ♯X = m ∈ N, we define:
L(X) := C∞(Rm)
together with the canonical C∞−structure Ω given in Remark 7.
We have the following:
Proposition 8. Let U : C∞Rng → Set, (A,Φ) 7→ A , be the forgetful functor.
The pair (n, (C
∞(Rn), Ω)), where:
n : {1, · · · , n} → U(C
∞(Rn), Ω)
i 7→ πi : R
n → R
,
is the free C∞-ring with n generators, which are the projections:
πi : R
n → R
(x1, · · · , xi, · · · , xn) 7→ xi
Proof. (Cf. Proposition 1.1 of [25].)
Given any C∞−ring (A,Φ) and any function α : {1, 2, · · · , n} → U(A,Φ), we
are going to show that there is a unique C∞−homomorphism α˜ : (C∞(Rn), Ω)→
(A,Φ) such that the following diagram commutes:
{1, 2, · · · , n}
n //
α
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯
U(C∞(Rn), Ω)
U(α˜)

U(A,Φ)
Given α(1), α(2), · · · , α(n) ∈ A, define
α˜ : C∞(Rn)→ A
f 7→ Φ(f)(α(1), α(2), · · · , α(n))
Note that such a function satisfies (∀i ∈ {1, 2, · · · , n})(α˜(n(i)) = α(i)), since
for every i ∈ {1, 2, · · · , n}:
α˜(n(i)) = α˜(πi) = Φ(πi)(α(1), · · · , α(i), · · · , α(n)) =
= πi(α(1), · · · , α(i), · · · , α(n)) = α(i).
Next thing we show is that α˜ is a C∞−homomorphism.
Let f : Rm → R be any smooth function. We claim that the following diagram
commutes:
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C∞(Rn)m
α˜m //
Ω(f)

Am
Φ(f)

C∞(Rn)
α˜ // A
Let (ϕ1, · · · , ϕm) ∈ C
∞(Rn)m. On the one hand we have:
Φ(f) ◦ α˜m(ϕ1, · · · , ϕm) = Φ(f) ◦ (α˜(ϕ1), · · · , α˜(ϕm)) =
Φ(f)(Φ(ϕ1)(α(1), α(2), · · · , α(n)), · · · , Φ(ϕm)(α(1), α(2), · · · , α(n)))
On the other hand we have:
α˜ ◦ C∞(Rn)(f)(ϕ1, · · · , ϕm) = α˜(f ◦ (ϕ1, · · · , ϕm)) =
= Φ(f ◦ (ϕ1, · · · , ϕm))(α(1), α(2), · · · , α(n))
Since (A,Φ) is a C∞−ring, we have also:
Φ(f ◦ (ϕ1, · · · , ϕm)) = Φ(f) ◦ (Φ(ϕ1), · · · , Φ(ϕm)),
hence:
Φ(f) ◦ α˜m(ϕ1, · · · , ϕm) = α˜ ◦Ω(f)(ϕ1, · · · , ϕm),
and α˜ is indeed a C∞−homomorphism.
For the uniqueness of α˜, suppose Ψ : (C∞(Rn), Ω)→ (A,Φ) is a C∞−homo-
morphism such that (∀i ∈ {1, 2, · · · , n})(Ψ(n(i)) = α(i)). Since Ψ is a C
∞−homo-
morphism, in particular the following diagram commutes:
C∞(Rn)n
Ψn //
Ω(f)

An
Φ(f)

C∞(Rn)
Ψ // A
Note that for any f ∈ C∞(Rn), f ◦ (π1, · · · , πn) = f , and since the diagram
above commutes, we have:
Φ(f)(Ψ(π1), · · · , Ψ(πn)) = Ψ(f ◦ (π1, · · · , πn)) = Ψ(f)
so
Ψ(f) = Φ(f)(Ψ(π1), · · · , Ψ(πn)) =
= Φ(f)(Ψ(n(1)), · · · , Ψ(n(n))) = Φ(f)(α(1), · · · , α(n)) = α˜(f).
Thus it is proved that (C∞(Rn), Ω) is (up to isomorphism) the free C∞−ring
on n generators.
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Given a finite set X with ♯X = n, consider a bijection ω : {1, · · · , n} → X
and denote, for any i ∈ {1, · · · , n}, xi = ω(i).
We define:
RX = {f : X → R|f is a function}.
Due to the bijection ω, any smooth function g ∈ C∞(Rn,R) can be inter-
preted as:
ĝ : RX → R
(X
f
→ R) 7→ g(f(x1), · · · , f(xn))
so we define:
C∞(RX) := {ĝ : RX → R|g ∈ C∞(Rn,R)}
Note that C∞ (RX) has a natural C∞−structure given by:
ΦX :
⋃
n∈N C
∞ (Rn,R)→
⋃
n∈N Func (C
∞(RX)n, C∞(RX))
(Rn
f
→ R) 7→ ΦX(f) : C
∞(RX)n → C∞(RX)
where:
ΦX(f) : C
∞(RX)n → C∞(RX)
(ĝ1, · · · , ĝn) 7→ ̂f ◦ (g1, · · · , gn) : R
X → R
which is well-defined since the map g 7→ ĝ is a bijection for a fixed ω.
Thus we have the following C∞−ring:
(C∞(RX), ΦX)
Note that given any x ∈ X , the evaluation map:
evx : R
X → R
f 7→ f(x)
belongs to C∞(RX). In fact, given x ∈ X = {x1, · · · , xn}, there is i ∈
{1, · · · , n} such that x = xi.
Claim: evxi = π̂i, where πi : R
n → R is the (smooth) projection on the i−th
coordinate.
We have, in fact, for any f ∈ RX , evxi(f) = f(xi) = πi(f(x1), · · · , f(xi), · · · , f(xn)) =
π̂i(f), so evx ∈ C
∞(RX).
We have, thus, the following function:
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X : X → U(C
∞(RX), ΦX)
x 7→
evx : R
X → R
f 7→ f(x)
Proposition 9. Let X be a finite set with ♯X = n and consider:
RX = {f : X → R|f is a function}
together with some bijection ω : {1, · · · , n} → X, ω(i) = xi ∈ X.
Under those circumstances, the following function is a C∞−isomorphism:
ω̂ : (C∞(RX), ΦX) → (C
∞(Rn), Ω)
ĝ : RX → R
f 7→ ĝ(f)
7→ g : Rn → R
Proof. First we show that ω̂ is a C∞−homomorphism.
Let m ∈ N and h ∈ C∞(Rm,R). We claim that the following diagram com-
mutes:
C∞(RX)m
ω̂m //
ΦX(h)

C∞(Rn)m
Ω(h)

C∞(RX)
ω̂
// C∞(Rn)
Given (ĝ1, · · · , ĝm) ∈ C
∞(RX)m, we have:
ω̂(ΦX(h)(ĝ1, · · · , ĝm)) = ω̂( ̂h ◦ (g1, · · · , gm)) = h ◦ (g1, · · · , gm)
and
Ω(h)(ω̂(ĝ1), · · · , ω̂(ĝm)) = Ω(h) ◦ (g1, · · · , gm) = h ◦ (g1, · · · , gm)
so ω̂ is a C∞−homomorphism.
We claim that:
δ̂ : (C∞(Rm), Ω) 7→ (C∞(RX), ΦX)
(Rm
g
→ R) 7→
ĝ : RX → R
f 7→ g(f(x1), · · · , f(xn))
is a C∞−homomorphism. In fact, for every n ∈ N, h ∈ C∞(Rn,R) the follow-
ing diagram commutes:
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C∞(Rm)n
δ̂n //
Ω(h)

C∞(RX)n
ΦX(h)

C∞(Rm)
δ̂
// C∞(RX)
since given (g1, · · · , gn) ∈ C
∞(Rm)n we have:
ΦX(h)(δ̂(g1), · · · , δ̂(gm)) = ΦX(h) ◦ (ĝ1, · · · , ĝn) = ̂h ◦ (g1, · · · , gn)
and
δ̂(Ω(h)(g1, · · · , gn)) = δ̂(h ◦ (g1, · · · , gn)) = ̂h ◦ (g1, · · · , gn),
so δ̂ is a C∞−homomorphism.
Given g ∈ C∞(Rm), we have:
ω̂(δ̂(g)) = ω̂(ĝ) = g
so
ω̂ ◦ δ̂ = idC∞(Rm).
Also, given ĝ ∈ C∞(RX), we have:
δ̂(ω̂(ĝ)) = δ̂(g) = ĝ,
so
δ̂ ◦ ω̂ = idC∞(RX)
As an immediate consequence of Propositions 9 and 8, we have:
Corollary 3. For any finite set X, (X , (C
∞(RX), ΦX)) is the free C
∞−ring
defined by X.
Proof. Let ω : {1, · · · , n} → X be a bijection, ω̂ : (C∞(RX), ΦX)→ (C
∞(Rn), Ω)
be the C∞−isomorphism induced by ω, as given in Proposition 9, (A,Φ) be
any C∞−ring and let f : X → U(A,Φ) be any function.
Note that the following diagram commutes:
{1, · · · , n}
n //
ω

U(C∞(Rn), Ω)
U(ω̂−1)

X
X // U(C∞(RX), ΦX)
,
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since given any i ∈ {1, · · · , n}, ω̂−1(n)(i) = ω̂
−1(πi) = π̂i = evxi = X(xi) =
X ◦ ω(i).
We have the following diagram:
{1, · · · , n}
n //
ω

U(C∞(Rn), Ω)
U(ω̂−1)

X
X //
f
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯ U(C
∞(RX), ΦX)
U(A,Φ)
Since (n, (C
∞(Rn), Ω)) is free, given the function f ◦ ω : {1, · · · , n} →
U(A,Φ), there is a unique C∞−homomorphism f˜ ◦ ω : (C∞(Rn), Ω) → (A,Φ)
such that the following diagram commutes:
{1, · · · , n}
n //
f◦ω
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
U(C∞(Rn), Ω)
U(f˜◦ω)

U(A,Φ)
We have, thus, the following commutative diagram:
{1, · · · , n}
n //
ω

U(C∞(Rn), Ω)
U(f˜◦ω)
vv
U(ω̂−1)

X
X //
f
**❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯ U(C
∞(RX), ΦX)
U(A,Φ)
It now suffices to take the C∞−homomorphism f˜ := (f˜ ◦ ω)◦ω̂ : (C∞(RX), ΦX)→
(A,Φ), and the following diagram commutes:
X
X //
f ))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙ U(C
∞(RX), ΦX)
U(f˜)

U(A,Φ)
By construction such a f˜ is unique, so (X , (C
∞(RX), ΦX)) is the free C
∞−ring
determined by X .
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Now we turn to the definition of the free C∞−ring determined by an arbi-
trary set.
Let E be any set, and consider:
(C∞(RE), ΦE) = lim−→
E′⊆fE
(C∞(RE
′
), ΦE′),
where “⊆f” stands for “is a finite subset of”, together with the unique arrow
E : E =
⋃
E′⊆fE
E′ → C∞(RE) such that for every E′ ⊆f E the following
diagram commutes:
E
E // C∞(RE)
E′
?
OO
E′
// C∞(RE
′
)
ℓE′
OO
Proposition 10. Let E be any set. The pair (E , (C
∞(RE), ΦE)) is the free
C∞−ring determined by E.
Proof. Let (A,Φ) be any C∞−ring and let f : E → A be any function. We
decompose the set E as
E =
⋃
E′⊆fE
E′ = lim
−→
E′⊆fE
E
and take the following cone:
A
E′
f◦ιE′
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
ιE
′
E′′
// E′′
f◦ιE′′
gg❖❖❖❖❖❖❖❖❖❖❖❖❖❖
Since for every finite E′ ⊆ E, (E′ , C
∞(RE
′
)) is the free C∞−ring determined
by E′, given the function f ◦ιE′ : E
′ → A, there is a unique C∞−homomorphism
f̂E′ : (C
∞(RE
′
), ΦE′)→ (A,Φ) such that the following diagram commutes:
E′
E′ //
f◦ιE′ ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ C
∞(RE
′
)
U(f̂E′ )

U(A,Φ)
Note that the following diagram commutes:
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(C∞(RE
′
), ΦE′)
µ̂E′E′′ ↾C∞(RE′ ) //
f̂E′ ))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙
(C∞(RE
′′
), ΦE′′ )
f̂E′′uu❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥
(A,Φ)
In fact, the following rectangle commutes:
E′
ιE
′′
E′ //
E′

E′′
E′′

C∞(RE
′
)
U(µ̂E′E′′↾C∞(RE′ ))
// C∞(RE
′′
)
so:
E′′ ◦ ι
E′′
E′ = U(µ̂E′E′′ ↾C∞(RE′ )) ◦ E′ (5)
and f̂E′ : (C
∞(RE
′
), ΦE′) → (A,Φ) is the unique C
∞−homomorphism such
that:
E′
E′ //
f◦ιE′ ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ C∞(RE
′
)
U(f̂E′ )

U(A,Φ)
commutes, i.e.,
U(f̂E′) ◦ E′ = f ◦ ιE′ (6)
We are going to show that f̂E′′ ◦ µ̂E′E′′ ↾C∞(RE′): (C
∞(RE
′
), ΦE′) → (A,Φ)
is such that:
E′
E′ //
f◦ιE′ ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ C∞(RE
′
)
U(f̂E′′◦µ̂E′E′′ ↾C∞(RE′ ))

U(A,Φ)
commutes. By uniqueness it will follow that:
f̂E′′ ◦ µ̂E′E′′ ↾C∞(RE′)= f̂E′ .
Composing (5) with U(f̂E′′) by the left yields:
U(f̂E′′) ◦ E′′ ◦ ι
E′′
E′ = U(f̂E′′) ◦ U(µ̂E′E′′ ↾C∞(RE′)) ◦ E′
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i.e.,
U(f̂E′′) ◦ E′′ ◦ ι
E′′
E′ = U(f̂E′′ ◦ µ̂E′E′′ ↾C∞(RE′)) ◦ E′
Since U(f̂E′′) ◦ E′′ = f ◦ ιE′′ , we have:
(f ◦ ιE′′) ◦ ι
E′′
E′ = U(f̂E′′ ◦ µ̂E′E′′ ↾C∞(RE′ )) ◦ E′
We know that ιE′′ ◦ ι
E′′
E′ = ιE′ , so we get:
f ◦ ιE′ = U(f̂E′′ ◦ µ̂E′E′′ ↾C∞(RE′ )) ◦ E′ ,
and the diagram commutes.
By the universal property of the colimit (C∞(RE), ΦE), there is a unique
C∞−homomorphism f̂ : (C∞(RE), ΦE)→ (A,Φ) such that:
(C∞(RE
′
), ΦE′)
µ̂E′E′′ ↾C∞(RE′ ) //
ℓE′′ **❯❯❯
❯❯❯
❯❯❯❯
❯❯❯
❯❯❯
❯
f̂E′
..
(C∞(RE
′′
), ΦE′′)
ℓE′′tt✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐✐
f̂E′′
pp
(C∞(RE), ΦE)
f̂

(A,Φ)
Now we need only to show that U(f̂) ◦ E = f .
Given any x ∈ E, there is some finite E′ ⊆f E such that x ∈ E
′.
We have the following commutative diagram:
E′
E′ // U(C∞(RE
′
), ΦE′)
ℓE′ //
U(f̂E′ ) **❱❱❱
❱❱❱
❱❱❱❱
❱❱❱❱
❱❱❱
❱❱
U(C∞(RE), ΦE)
U(f̂)

U(A,Φ)
so:
U(f̂) ◦ ℓE′ ◦ E′ = U(f̂E′) ◦ E′
Since ℓE′ ◦ E′ = E ◦ ιE′ and U(f̂E′) ◦ E′ = f ◦ ιE′ , we get:
U(f̂) ◦ E ◦ ιE′ = f ◦ ιE′
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thus:
U(f̂) ◦ E(x) = U(f̂) ◦ E ◦ ιE′(x) = f(ιE′(x)) = f(x)
and the diagram commutes.
The uniqueness of f̂ comes from its construction.
In the following proposition, we present a description of a left adjoint to the
forgetful functor U : C∞Rng→ Set.
Proposition 11. The functions:
L0 : Obj (Set)→ Obj (C
∞Rng)
X 7→ (C∞ (RX), ΦX)
and
L1 : Mor (Set)→ Mor (C
∞Rng)
(X
f
→ Y ) 7→ (C∞(RX), ΦX)
f˜
→ (C∞(RY ), ΦY )
where f˜ : L0(X) → L0(Y ) is the unique C
∞−homomorphism given by the
universal property of the free C∞−ring X : X → C
∞(RX): given the function
Y ◦ f : X → U(C
∞(RY )), there is a unique C∞−homomorphism such that the
following diagram commutes:
X
X //
Y ◦f ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RX))
U(f˜)
✤
✤
✤
U(C∞(RY ))
define a functor L : Set → C∞Rng which is left adjoint to the forgetful
functor U : C∞Rng→ Set.
Proof. We claim that L1(idX) = id(C∞(RX ),ΦX).
On the one hand, i˜dX is the only C
∞−homomorphism such that:
X
X //
X◦idX ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RX))
U(i˜dX)
✤
✤
✤
U(C∞(RX))
commutes.
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On the other hand, since id(C∞(RX ),ΦX) is a C
∞−homomorphism which makes
the following diagram to commute:
X
X //
X ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RX))
U(id
(C∞(RX ),ΦX )
)
✤
✤
✤
U(C∞(RX))
it follows that:
L1(idX) = i˜dX = id(C∞(RX),ΦX)
Now, let X,Y, Z be sets and f : X → Y and g : Y → Z be functions. We
claim that:
L1(g ◦ f) = L1(g) ◦ L1(f)
By definition, L1(f) = f˜ : (C
∞(RX), ΦX) → (C
∞(RY ), ΦY ) is the only
C∞−homomorphism such that:
X
X //
Y ◦f ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RX))
U(f˜)
✤
✤
✤
U(C∞(RY ))
commutes, that is, such that U(f˜) ◦ X = Y ◦ f . Also, by definition, L1(g) =
g˜ : (C∞(RY ), ΦY )→ (C
∞(RZ), ΦZ) is the only C
∞−homomorphism such that:
Y
Y //
Z◦g ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RY ))
U(g˜)
✤
✤
✤
U(C∞(RZ))
commutes, that is, such that U(g˜) ◦ Y = Z ◦ g.
Finally, g˜ ◦ f : (C∞(RX), ΦX) → (C
∞(RZ), ΦZ) is the unique C
∞−homo-
morphism such that:
X
X //
Z◦(g◦f) ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(C∞(RX))
U (˜g◦f)
✤
✤
✤
U(C∞(RZ))
commutes, that is, such that U(g˜ ◦ f) ◦ X = Z ◦ (g ◦ f).
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We are going to show that g˜ ◦ f˜ : (C∞(RX), ΦX) → (C
∞(RZ), ΦZ) also has
this property.
In fact,
U(f˜) ◦ X = Y ◦ f ⇒ U(g˜) ◦ (U(f˜) ◦ X) = (U(g˜) ◦ Y ) ◦ f ⇒
⇒ (U(g˜) ◦ U(f˜)) ◦ X = (Z ◦ g) ◦ f
and thus
U(g˜ ◦ f˜) ◦ X = Z ◦ (g ◦ f).
By uniqueness it follows that:
L1(g ◦ f) = L1(g) ◦ L1(f),
so L = (L0, L1) defines a functor.
We claim that:
φX,(A,Φ) : HomSet (X,A)→ HomC∞Rng ((L(X), ΦX), (A,Φ))
(X
ϕ
→ A) 7→ (L(X), ΦX)
ϕ˜
→ (A,Φ)
where ϕ˜ is the unique C∞−homomorphism such that U(ϕ˜) ◦ X = ϕ
is a natural bijection, so L ⊣ U .
φX,(A,Φ) is surjective. Given any C
∞−homomorphism ϕ˜ : (L(X), ΦX) →
(A,Φ), taking ϕ := U(ϕ˜) ◦ X : X → A we have L(ϕ) = ϕ˜.
Given ϕ, ψ : X → A such that φX,(A,Φ)(ϕ) = ϕ˜ = ψ˜ = φX,(A,Φ)(ψ), we have:
U(ϕ˜) = U(ψ˜)
and
ϕ = U(ϕ˜) ◦ X = U(ψ˜) ◦ X = ψ
so φX,(A,Φ) is a bijection.
Let (A,Φ) be a C∞−ring and let X ⊆ A. Given ιAX : X →֒ A, there is a
unique C∞−homomorphism ι˜AX : (L(X), ΦX) → (A,Φ) such that the following
diagram commutes:
X
ηX //
ιAX ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(L(X))
U(ι˜A
X
)

U(A,Φ)
(7)
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We claim that if 〈X〉 = A, then ι˜AX is surjective.
Indeed,
X = ιAX [X ] = im(ι
A
X)
and since U(ι˜AX) ◦ ηX = ι
A
X , we have:
im(ιAX) = im(U(ι˜
A
X) ◦ ηX).
Since the diagram (7) commutes, on the other hand,
im(U(ι˜AX) ◦ ηX) ⊆ im (U(ι˜
A
X))
thus
X ⊆ im (U(ι˜AX))
and
〈X〉 ⊆ 〈im (U(ι˜AX))〉 = ι˜
A
X [A]
Since X generates A and 〈im (U(ι˜AX))〉 = im (ι˜
A
X) is a C
∞−subring of (A,Φ),
it follows that::
〈X〉 = A ⊆ im(ι˜AX) ⊆ A
so im (ι˜AX) = A and ι
A
X is surjective.
In particular, taking X = A yields ιAA = idA, and since εA = φA,(A,Φ)(idA) =
˜id(A,Φ), we have:
A
ηA //
idA ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗ U(L(A))
U(εA)

U(A,Φ)
so im (εA) = (A,Φ), and εA is surjective. Now, given any C
∞−ring (A,Φ) we
have the surjective morphism:
εA : L(U(A,Φ))։ (A,Φ).
We have seen that since εA is a C
∞−homomorphism, ker(εA) is a C
∞−congru-
ence. By the Fundamental Theorem of the C∞−Isomorphism we have:
(A,Φ) ∼=
L(A)
ker(εA)
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4 Other Constructions
In this section we describe further results and constructions involving C∞−rings.
4.1 Ring-Theoretic Ideals and C∞−Congruences
Our next goal is to classify the congruences of any C∞−ring. We shall see that
they are classified by their ring-theoretic ideals.
We begin with the finitely generated case.
An interesting result, which is a consequence of Hadamard’s Lemma,The-
orem 7, is the description of the ideals of finitely generated C∞−rings in terms
of C∞−congruences.
For the reader’s benefit, we state and prove the following result:
Theorem 7. (Hadamard’s Lemma)For every smooth function f ∈ C∞(Rn)
there are smooth functions g1, · · · , gn ∈ C
∞(R2n) such that
∀(x1, · · · , xn), (y1, · · · , yn) ∈ R
n
f(x1, · · · , xn)− f(y1, · · · , yn) =
n∑
i=1
(xi − yi) · gi(x1, · · · , xn, y1, · · · , yn)
Proof. Holding (v1, · · · , vn) = v ∈ R
n fixed, we define:
h(t) = f(y + t · (x− y)).
We have:
f(x)− f(y) =
∫ 1
0
h′(t)dt =
∫ 1
0
n∑
i=1
∂f
∂vi
(y + t · (x− y))) · (xi − yi)dt,
where the second equality uses the chain rule.
The result follows by putting:
gi(x,y) =
∫ 1
0
∂f
∂vi
(y + t · (x− y))dt
Proposition 12. Given a finitely generated C∞−ring (A,Φ), considering the
forgetful functor given in Remark 1, U˜ : C∞Rng→ CRing, we have that if I
is a subset of A that is an ideal (in the ordinary ring-theoretic sense) in U˜(A,Φ),
then Î = {(a, b) ∈ A×A|a− b ∈ I} is a C∞−congruence in A.
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Proof. (Cf. p. 18 of [24])
Let n ∈ N and f ∈ C∞(Rn,R).
We have to show that if for every i ∈ {1, · · · , n} we have (ai, bi) ∈ Î, that is,
ai − bi ∈ I, then:
Φ(2)(f)((a1, b1), · · · , (an, bn)) = (Φ(f)(a1, · · · , an), Φ(f)(b1, · · · , bn)) ∈ Î ,
that is, Φ(f)(a1, · · · , an)− Φ(f)(b1, · · · , bn) ∈ I.
Suppose that (a1, b1), · · · , (an, bn) ∈ A × A are such that ai − bi ∈ I for
every i ∈ {1, · · · , n}. By Hadamard’s Lemma, there are smooth functions
g1, · · · , gn : R
n×R→ R such that for all x = (x1, · · · , xn) and y = (y1, · · · , yn) ∈
Rn,
f(x)− f(y) =
n∑
i=1
(xi − yi) · gi(x, y).
Φ preserves this equation, i.e.,
Φ(f)(a1, · · · , an)− Φ(f)(b1, · · · , bn) =
=
n∑
i=1
(ai − bi)︸ ︷︷ ︸
∈I
·Φ(gi)(a1, · · · , an, b1, · · · , bn) ∈ I,
and the result follows.
The following result tells us that the ideals of the C∞−rings classify its con-
gruences.
Proposition 13. Given any finitely generated C∞−ring (A,Φ), let Cong (A,Φ)
denote the set of all the C∞−congruences in A and let I(A,Φ) denote the set of
all ideals of A. The following map is a bijection:
ψA : Cong (A,Φ)→ I(A,Φ)
R 7→ {x ∈ A|(x, 0) ∈ R}
whose inverse is given by:
ϕA : I(A,Φ)→ Cong (A,Φ)
I 7→ {(x, y) ∈ A×A|x− y ∈ I}
Proof. Proposition 12 assures that ϕA maps ideals of (A,Φ) to C
∞−congruences.
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Also, given a C∞−congruence R in A, we have that ψA(R) is an ideal.
Claim: {x ∈ A|(x, 0) ∈ R} is closed under Φ(+) and Φ(−), since for any
x, y ∈ A such that (x, 0), (y, 0) ∈ R, we have
Φ(2)(+)((x, 0), (y, 0)) = (Φ(+)(x, y), Φ(+)(0, 0)) = (x+ y, 0) ∈ R,
for R is a C∞−congruence and (R,Φ(2)
′
) is a C∞−subring of (A×A,Φ(2)).
Also, given x ∈ A such that (x, 0) ∈ R, since (R,Φ(2)
′
) is a C∞−subring of
(A×A,Φ(2)), we have Φ(2)
′
(−)(x, 0) = (−x, 0) ∈ R.
Finally, given x ∈ A such that (x, 0) ∈ R and any y ∈ A, we have both
(x, 0), (y, y) ∈ R, and since R is a C∞−congruence, and thus (R,Φ(2)
′
) is a
C∞−subring of (A×A,Φ(2)), we have:
Φ(2)
′
(·)((x, 0), (y, y)) = (x · y, y · 0) = (x · y, 0) ∈ R
so x · y ∈ {x ∈ A|(x, 0) ∈ R}. Hence {x ∈ A|(x, 0) ∈ R} is an ideal in (A,Φ).
Now we are going to show that ψA and ϕA are inverse functions.
Given R ∈ Cong (A,Φ), we have:
ϕA(ψA(R)) = ϕA({x ∈ A|(x, 0) ∈ R}) = {(x, y) ∈ A×A|(x− y, 0) ∈ R} = R
so ϕA ◦ ψA = idCong (A,Φ).
Given I ∈ I (A), we have:
ψA(ϕA(I)) = ψA({(x, y) ∈ A×A|x− y ∈ I}) = {z ∈ A|z − 0 ∈ I} = I,
so ψA ◦ ϕA = idI (A,Φ).
For any C∞−ring (A,Φ) we have the function:
ψA : Cong (A,Φ)→ I(A,Φ)
R 7→ {a ∈ A|(a, Φ(0)) ∈ R}
and whenever (A,Φ) is a finitely generated C∞−ring, we have seen in Propo-
sition 13 that ψA has ϕA as inverse - which is a consequence of Hadammard’s
Lemma.
In order to show that ψA is a bijection for any C
∞−ring (A,Φ), first we
decompose it as a directed colimit of its finitely generated C∞−subrings (cf.
Theorem 8):
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(A,Φ) ∼= lim−→
(Ai,Φi)⊆f.g.(A,Φ)
(Ai, Φ ↾Ai)
and then we use Proposition 13 to obtain a bijection:
ϕ˜ : lim
←−
(Ai,Φi)⊆f.g.(A,Φ)
I(Ai, Φi)→ lim←−
(Ai,Φi)⊆f.g.(A,Φ)
Cong (Ai, Φi)
such that for every (Ai, Φi) ⊆f.g. (A,Φ) the following diagram commutes:
lim
←−(Ai,Φi)⊆f.g.(A,Φ)
I(Ai, Φi)

ϕ˜ // lim
←−(Ai,Φi)⊆f.g.(A,Φ)
Cong (Ai, Φi)

I(Ai, Φi) ϕAi
// Cong(Ai, Φi)
where the vertical downward arrows are the canonical arrows of the projec-
tive limit.
Finally we show that there is a bijective correspondence, α, between
lim
←−
(Ai,Φi)⊆f.g.(A,Φ)
I(Ai, Φi)
and I
(
lim
−→(Ai,Φi)⊆f.g.(A,Φ)
(Ai, Φi)
)
, and a bijective correspondence, β, between
lim
←−(Ai,Φi)⊆f.g.(A,Φ)
Cong (Ai, Φi) and Cong
(
lim
−→(Ai,Φi)⊆f.g.(A,Φ)
(Ai, Φi)
)
. In fact,
the bijections α, β, ϕ˜ and ψ are complete lattices isomorphisms.
By composing these bijections we prove that the congruences of (C∞(RE), ΦE)
are classified by the ring-theoretic ideals of (C∞(RE), ΦE).
Theorem 8. Let (A,Φ) be any C∞−ring. There is a directed system of C∞−rings,
((Ai, Φi), αij), where each (Ai, Φi) is a finitely generated C
∞−ring and each
αij : (Ai, Φi)→ (Aj , Φj) is a monomorphism such that:
(A,Φ) ∼= lim−→
(Ai, Φi)
Proof. Let Pf be the set of all finite subsets of A, on which we consider the
partial order defined by inclusion, i.e., (∀i ∈ I)(∀j ∈ I)(i  j ↔ i ⊆ j).
Let (Ai, Φi) := 〈i〉 denote the intersection of all C
∞−subrings (B,ΦB) of
(A,Φ) which contain i, i.e.,
(Ai, Φi) = (〈i〉, Φi) =
⋂
i⊂B
(B,Φ′)
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where Φi = Φ
′ is the C∞−structure described in Proposition 1
Note that I = {〈i〉 = (Ai, Φi)|i ∈ Pf}, partially ordered by the inclusion, is
a directed set, since it is not empty and given any 〈i〉 and 〈j〉 we can take, for
instance, k = i ∪ j ∈ Pf such that 〈i〉 ⊆ 〈k〉 and 〈j〉 ⊆ 〈k〉.
By Proposition 2, and using its notation,⋃
i∈Pf
(〈i〉, Φ′)
is a C∞−subring of (A,Φ). By construction, each (Ai, Φi) is a finitely gener-
ated C∞−subring of (A,Φ).
We clearly have the following set-theoretic equality:
A = U(A,Φ) = U
 ⋃
i∈Pf
(〈i〉, Φ′)
 = ⋃
i∈Pf
〈i〉,
hence the equality Φ′ = Φ, so:
(A,Φ) =
⋃
i∈Pf
(〈i〉, Φ′)
For each i ∈ I we define Ai = 〈i〉 and take D(i) := (Ai, Φi). Whenever i ⊆ j,
we have the inclusion D(i ⊆ j) := αij : (〈i〉, Φi) →֒ (〈j〉, Φj) which makes the
following triangle commute:
(〈i〉, Φi)
αi &&◆◆
◆◆
◆◆
◆◆
◆◆
◆
αij // (〈j〉, Φj)
αjxx♣♣♣
♣♣
♣♣♣
♣♣
♣
(
∪i∈PfAi, Φ
′
)
where αi : (〈i〉, Φi) → (A,Φ) and αj : (〈j〉, Φj) → (A,Φ) are the C
∞−homo-
morphisms of inclusion.
Consider the following diagram, where Pf is viewed as a category:
D : Pf → C
∞Rng
i→ j 7→ (〈i〉, Φi)
αij
→ (〈j〉, Φj)
We claim that:
lim
−→
i∈Pf
D(i) ∼= (A,Φ)
Let (B,Ψ) be any C∞−ring and hi : (〈i〉, Φi) → (B,Ψ) and hj : (〈j〉, Φj) →
(B,Ψ) be any two C∞−homomorphisms. We are going to show that there exists
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a unique C∞−homomorphism h : (∪i∈PfAi, Φ)→ (B,Ψ) such that the following
diagram commutes:
(〈i〉, Φi)
hi
++
αi &&▼▼
▼▼
▼▼
▼▼
▼▼
▼
αij // (〈j〉, Φj)
αjxx♣♣♣
♣♣
♣♣
♣♣
♣
hj
ss
(
∪i∈PfAi, Φ
)
∃!h

(B,Ψ)
We now define the function which underlies h in the following way: given
a ∈ ∪i∈PfAi there is some i0 ∈ Pf such that a ∈ i0. For any j0 ∈ Pf such that
a ∈ j0, since I is directed, there is some k0 ∈ Pf such that k0 ⊇ i0, j0, so we
have a ∈ k0 and the following commutative diagram:
〈i0〉
αi0k0 //
hi0 ""❊
❊❊
❊❊
❊❊
❊
〈k0〉
hk0

〈j0〉
αj0k0oo
hj0||②②
②②
②②
②②
B
so:
hi0(a) = hk0(αi0k0(a)) = hk0(a) = hk0(αj0k0(a)) = hj0(a).
Hence, given a ∈ ∪i∈PfAi, choose any i0 ∈ Pf such that a ∈ i0 and define
h(a) = hi0(a) (up to here h is merely a function, not a C
∞−homomorphism).
Now we prove that h is a C∞−homomorphism.
Let f ∈ C∞(Rn,R) be any n−ary function symbol. We must show that the
following diagram commutes:
(
∪i∈PfAi
)n
h(n)

Φ(f) // ∪i∈PfAi
h

Bn
Ψ(f) // B
that is,
(∀a1)(∀a2) · · · (∀an)(Ψ(f)(h(a1), h(a2), · · · , h(an))) = h(Φ(f)(a1, a2, · · · , an)).
Let i1, i2, · · · , in ∈ Pf be such that a1 ∈ 〈i1〉, a2 ∈ 〈i2〉, · · · , an ∈ 〈in〉, and
take j ∈ Pf such that j ⊇ i1, · · · , in, so
a1, a2, · · · , an ∈ 〈j〉
A Universal Algebraic Survey of C∞−Rings 57
For any ℓ ∈ {1, 2, · · · , n}, hi(aℓ) = hj(aℓ), so h(a1) = hj(a1), h(a2) =
hj(a2), · · · , h(an) = hj(an).
We have:
Ψ(f)(h(a1), h(a2), · · · , h(an)) = Ψ(f)(hj(a1), hj(a2), · · · , hj(an))
(1)
=
= hj(Φj(f)(a1, a2, · · · , an))
(2)
= hj(Φ(f)(a1, a2, · · · , an))
(3)
= h(Φi(f)(a1, a2, · · · , an))
where (1) is due to the fact that hj : (〈i〉, Φi)→ (B,Ψ) is a C
∞−homomorphism,
(2) is due to the fact that (〈j〉, Φj) is a C
∞−subring of (∪i∈PfAi, Φ) and (3) oc-
curs by the very definition of h. The uniqueness is granted by the property that
h must satisfy as a function.
Under those circumstances, ⋃
i∈Pf
〈i〉, Φ
 ∼= lim−→
i∈I
(Ai, Φi)
so
(A,Φ) =
 ⋃
i∈Pf
〈i〉, Φ
 ∼= lim−→
i∈Pf
(Ai, Φi)
Remark 8. Let ((Ai, Φi)i∈I , αij : (Ai, Φi) → (Aj , Φj)) be an inductive directed
system of C∞−rings, and let (Jℓ)ℓ∈I ∈ lim←−ℓ∈I
I(Aℓ, Φℓ).
For every i ∈ I, we have the maps:
αi
∗ : I
(
lim
−→i∈I
(Ai, Φi)
)
→ I(Ai, Φi)
J 7→ α⊣i [J ]
α̂ : I
(
lim
−→i∈I
(Ai, Φi)
)
→ I(Ai, Φi)
J 7→ (α⊣i [J ])i∈I
and the following limit diagram:
lim
←−i∈I
I(Ai, Φi)
α∗i
uu❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥ α∗j
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
I(Ai, Φi) I(Aj , Φj)
α∗ij
oo
,
where:
αij
∗ : I(Aj , Φj)→ I(Ai, Φi)
Jj 7→ αij
⊣[Jj ]
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We note, first, that αmaps ideals of lim
−→i∈I
(Ai, Φi) to an element of lim←−i∈I
I(Ai, Φi).
In fact, given any ideal J ∈ I
(
lim
−→i∈I
(Ai, Φi)
)
, since for every i ∈ I, αi is a
C∞−homomorphism, it follows that for every i ∈ I, α∗i (J) = αi
⊣[J ] is an ideal of
(Ai, Φi), so α(J) = (α
∗
i (J))i∈I ∈
∏
i∈I
I(Ai, Φi). Moreover, the family (α
∗
i (J))i∈I
is compatible, since:
(∀i ∈ I)(∀j ∈ I)(i  j)(αj ◦ αij = αi ⇒ α
∗
i = αij
∗ ◦ α∗j )
and
(∀i ∈ I)(∀j ∈ I)(i  j)(αi
∗(J) = (αij
∗ ◦ α∗j )(J) = αij
∗(α∗j (J))
so
α(J) = (α∗i (J))i∈I ∈ lim←−
i∈I
I(Ai, Φi).
Proposition 14. Let (I,) be a directed partially ordered set and
{(Ai, Φi), αij : (Ai, Φi)→ (Aj , Φj)}i,j∈I
be a directed inductive system of C∞−rings and C∞−homomorphisms. For every
i ∈ I, we have the map:
αi
∗ : I
(
lim
−→i∈I
(Ai, Φi)
)
→ I(Ai, Φi)
J 7→ α⊣i [J ]
By the universal property of lim
←−i∈I
I(Ai, Φi), there is a unique α : I
(
lim
−→i∈I
(Ai, Φi)
)
→
lim
←−i∈I
I(Ai, Φi) such that for every i ∈ I the following diagram commutes:
I
(
lim
−→i∈I
(Ai, Φi)
)
∃!α

α∗i

lim
←−i∈I
I(Ai, Φi)
πi↾lim
←−i∈I
I(Ai,Φi) **❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
I(Ai, Φi)
that is, such that αi
∗ = πi ↾lim
←−i∈I
I(Ai,Φi) ◦α.
We have, thus:
α : I
(
lim
−→i∈I
(Ai, Φi)
)
→ lim
←−i∈I
I(Ai, Φi)
J 7→ (α∗i (J))i∈I
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For any (Ji)i∈I ∈ lim←−i∈I
I(Ai, Φi),
⋃
i∈I αi[Ji] is an ideal of lim−→i∈I
(Ai, Φi)
and the map:
α′ : lim
←−i∈I
I(Ai, Φi)→ I
(
lim
−→i∈I
(Ai, Φi)
)
(Ji)i∈I 7→
⋃
i∈I αi[Ji]
is an inverse for α, so α is a bijection.
Proof. In Set, we have:
U
(
lim
−→
i∈I
(Ai, Φi)
)
=
⋃
i∈I Ai × {i}
∼
where:
(ai, i) ∼ (aj , j) ⇐⇒ (∃k ∈ I)(i, j  k)(αik(ai) = αjk(aj))
and
U
(
lim
←−
i∈I
I(Ai, Φi)
)
=
{
(Jℓ)ℓ∈I ∈
∏
i∈I
I(Ai, Φi)|(∀i, j ∈ I)(i  j)(αij
∗(Jj) = Ji)
}
Given the following colimit diagram:
lim
−→i∈I
(Ai, Φi)
(Ai, Φi)
αi
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦
αij
// (Aj , Φj)
αj
ii❙❙❙❙❙❙❙❙❙❙❙❙❙❙
with:
αi : (Ai, Φi)→ lim−→i∈I
(Ai, Φi)
ai 7→ [(ai, i)]
consider the following limit diagram:
lim
←−i∈I
I(Ai, Φi)
α∗i
uu❥❥❥❥
❥❥❥
❥❥❥
❥❥❥
❥ α∗j
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
I(Ai, Φi) I(Aj , Φj)
α∗ij
oo
,
where:
αij
∗ : I(Aj , Φj)→ I(Ai, Φi)
Jj 7→ αij
⊣[Jj ]
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Given any (Ji)i∈I , we are going to show that α
′((Ji)i∈I) ∈ I
(
lim
−→i∈I
(Ai, Φi)
)
.
Since lim
−→i∈I
(Ai, Φi) is directed, given x, y ∈
⋃
i∈I αi[Ji], there are i, j ∈ I,
xi ∈ Ji and yj ∈ Jj such that αi(xi) = [(xi, i)] = x and αj(yj) = [(yj , j)] = y.
Also, since the colimit is directed, there is k ∈ I with i, j ≤ k such that:
αik(xi) ∈ αik[Ji], αjk(yj) ∈ αjk[Jj ],
so
αk(αik(xi)), αk(αjk(yj)) ∈ αk[Jk]
Since αk[Jk] is an ideal in αk[Ak], it follows that:
αk(αik(xi)) − αk(αjk(yj)) ∈ αk[Jk]
and
x− y = αk(αik(xi))− αk(αjk(yj)) ∈ αk[Jk] ⊆
⋃
i∈I
αi[Ji].
Given x ∈ lim
−→i∈I
αi[Ji] there are some i ∈ I, xi ∈ Ji such that x = αi(xi) =
[(xi, i)], and given a ∈ lim−→i∈I
(Ai, Φi), there are some j ∈ I and some aj ∈ Aj
such that a = αj(aj) = [(aj , j)].
Since the colimit is directed, there is some k ∈ I with i, j ≤ k such that:
αik(xi) ∈ αik[Ji], αjk(aj) ∈ αjk[Aj ]
so
αi(xi) = αk(αik(xi)) ∈ αi[αik[Ji]] = αk[Jk]
and
αj(aj) = αk(αjk(aj)) ∈ αj [αjk[Jj ]] = αk[Jk]
Since αk[Jk] is an ideal of αk[Ak], it follows that:
αk(αik(xi)) · αk(αjk(aj)) ∈ αk[Jk].
Thus,
x · a = αi(xi) · αj(aj) = αk(αik(xi)) · αk(αjk(aj)) =
= αk(αik(xi)) · αk(αjk(aj)) ∈ αk[Jk] ⊆
⋃
i∈I
αi[Ji]
so α′ maps elements of lim
←−i∈I
I(Ai, Φi) to ideals of lim−→i∈I
(Ai, Φi).
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Claim: α ◦ α′ = idlim
←−i∈I
I(Ai,Φi).
Given (Jℓ)ℓ∈I ∈ lim←−i∈I
I(Ai, Φi), we have:
α′((Jℓ)ℓ∈I) :=
⋃
ℓ∈I
αℓ[Jℓ],
so
α(α′((Jℓ)ℓ∈I)) = α
(⋃
ℓ∈I
αℓ[Jℓ]
)
:=
(
αi
⊣
[⋃
ℓ∈I
αℓ[Jℓ]
])
i∈I
.
We are going to show that for every i ∈ I,
αi
∗(α′((Jℓ)ℓ∈I)) = Ji
Given i ∈ I, on the one hand we have:
Ji ⊆ αi
⊣[αi[Ji]] ⊆ αi
⊣
[⋃
ℓ∈I
αℓ[Jℓ]
]
= αi
∗(α′((Jℓ)ℓ∈I)) =
⋃
ℓ∈I
αi
⊣[αℓ[Jℓ]]
On the other hand, given ai ∈ αi
∗(α′((Jℓ)ℓ∈I)) = αi
⊣
[⋃
ℓ∈I αℓ[Jℓ]
]
, that is,
ai ∈ Ai such that αi(ai) ∈
⋃
ℓ∈I αℓ[Jℓ], there is some j ∈ I and some bj ∈ Jj
such that:
αi(ai) = αj(bj).
Since the system is directed, there is some k ∈ I, i, j  k such that αik(ai) =
αjk(bj).
By compatibility we have αjk
⊣[Jk] = αjk
∗(Jk) = Jj , so in particular α
⊣
jk[Jk] ⊇
Jj and αjk(bj) ∈ αjk[Jj ] ⊆ αjk[αjk
⊣[Jk]] ⊆ Jk.
Thus, taking ck = αjk(bj), we have:
ck = αjk(bj) ∈ α
⊣
jk[Jj ] ⊆ Jk,
that is,
ck ∈ Jk.
For any k′ ≥ k we have:
αik′ (ai) = αkk′ (ck) ∈ Jk′
so
ai ∈ αik′
⊣[Jk′ ] = Ji.
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Hence:
(∀i ∈ I)
(⋃
ℓ∈I
αi
⊣[αℓ[Jℓ]] = Ji
)
and
α(α′((Ji)i∈I)) = (Ji)i∈I .
Since (Ji)i∈I is arbitrary, we have:
α ◦ α′ = idlim
←−i∈I
I(Ai,Φi).
On the other hand, given J ∈ I
(
lim
−→i∈I
(Ai, Φi)
)
, we have α(J) = (αi
∗(J))i∈I
and:
α′(α(J)) = α′((αi
∗(J))i∈I) =
⋃
i∈I
αi[αi
∗(J)].
On the one hand, since for every i ∈ I, αi[αi
∗(J)] = αi[αi
⊣[J ]] ⊆ J , we have
α′(α(J)) ⊆ J .
Recall that given J ∈ I
(
lim
−→i∈I
(Ai, Φi)
)
, we have:
J ⊆ lim
−→
i∈I
(Ai, Φi) =
⋃
i∈I
αi[Ai],
so given x ∈ J ⊆
⋃
i∈I αi[Ai], there are some i0 ∈ I and some xi0 ∈ αi0
∗(J) =
αi0
⊣[J ] such that:
x = [(xi0 , i0)]
and since xi0 ∈ α
∗
i0
(J), we have [(xi0 , i0)] ∈ αi0 [αi0
∗(J)] ⊆
⋃
i∈I αi[α
∗
i (J)],
so
x ∈
⋃
i∈I
αi[α
∗
i (J)] = α
′((αi
∗(J))i∈I) = α
′(α(J))
and:
α′(α(J)) = J.
Since J is an arbitrary ideal of lim
←−i∈I
I(Ai, Φi), it follows that:
α′ ◦ α = id
I
(
lim
−→i∈I
(Ai,Φi)
).
so α is a bijection whose inverse is α′.
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The proof of the following proposition is similar to the proof we just made,
so we are going to omit it.
Proposition 15. Let (I,) be a directed partially ordered set and {(Ai, Φi), αij :
(Ai, Φi)→ (Aj , Φj)}i,j∈I be a directed inductive system of C
∞−rings and
C∞−homomorphisms. The following function is a bijection:
β : Cong
(
lim
−→i∈I
(Ai, Φi)
)
→ lim
←−i∈I
Cong(Ai, Φi)
R 7→ ((αi × αi)
⊣(R))i∈I
whose inverse is given by:
β′ : lim
←−i∈I
Cong(Ai, Φi)→ Cong
(
lim
−→i∈I
(Ai, Φi)
)
(Ri)i∈I 7→ lim−→i∈I
Ri
The following result extends Proposition 13 in the sense that it shows us,
with details, that the congruences of any free C∞−ring are classified by their
ring-theoretic ideals (in the finitely generated case it follows from Hadamard’s
lemma, and this case is used here).
Lemma 2. The congruences of (C∞(RE), ΦE), the free C
∞−ring determined by
the set E, are classified by their ring-theoretic ideals.
Proof. By Proposition 12, for any finite E the result holds.
Suppose E is any set (not necessarily finite). We have, by definition,
(C∞(RE), ΦE) ∼= lim−→
E′⊆fE
(C∞(RE
′
,R), ΦE′)
where ΦE is the C
∞−structure of the colimit.
The family of bijections {ψE′ : Cong(C
∞(RE
′
), ΦE′) → I(C
∞(RE
′
), ΦE′)}
always exist, so it yields a coherent bijection:
ψ˜ : lim
←−
E′⊆fE
Cong(C∞(RE
′
), ΦE′)→ lim←−
E′⊆fE
I(C∞(RE
′
), ΦE′).
We have the following commutative diagram:
Cong (C∞(RE
′
), ΦE′)
ψE′ // I(C∞(RE
′
), ΦE′)
lim
←−E′⊆fE
Cong(C∞(RE
′
), ΦE′)
ψ˜ //
OO
lim
←−E′⊆fE
I(C∞(RE
′
), ΦE′)
OO
Cong(C∞(RE), ΦE)
α
OO
ψE
// I(C∞(RE), ΦE)
β
OO
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where the two upper vertical arrows are the canonical arrows of the projec-
tive limit, α is given in Proposition 14 and β is given in Proposition 15.
Since α, β and ψ˜ are bijections, it follows that ψE : Cong(C
∞(RE), ΦE) →
I(C∞(RE), ΦE) is a bijection.
The following lemma is a well-known result of Universal Algebra applied to
C∞−rings:
Lemma 3. Let (A,Φ) be a C∞−ring and let R ∈ Cong (A,Φ). Given the quo-
tient C∞−homomorphism:
qR : (A,Φ)→
(
A
R
,Φ
)
x 7→ x+R
we have the bijection:
(qR)∗ : {S ∈ Cong (A,Φ)|R ⊆ S} → Cong
(
A
R
,Φ
)
S 7→ {(qR(s), qR(t)) ∈
A
R
× A
R
|(s, t) ∈ S}
whose inverse is given by:
(qR)
∗ : Cong
(
A
R
,Φ
)
→ {S ∈ Cong(A,Φ)|R ⊆ S}
S′ 7→ (qR × qR)
⊣[S′]
As a consequence of the above lemma, we have:
Lemma 4. Let (A,Φ) be a C∞−ring and R ∈ Cong (A,Φ), and suppose that
ψA : Cong (A,Φ) → I(A,Φ) is a bijection with an inverse, ϕA : I(A,Φ) →
Cong (A,Φ). Under those circumstances, the quotient C∞−homomorphism:
qR : (A,Φ)→
(
A
R
,Φ
)
induces a pair of inverse bijections:
(qR)+ : I
(
A
R
,Φ
)
→ {I ′ ∈ I(A,Φ)|ψA(R) ⊆ I
′}
J 7→ qR[J ]
and
(pR)
− : {I ′ ∈ I(A,Φ)|ψA(R) ⊆ I
′} → I
(
A
R
,Φ
)
J ′ 7→ (qR)
⊣[J ′]
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Proof. The proof is a direct consequence of Lemma 3 and a diagram chase.
Proposition 16. Let (A,Φ) and (B,Ψ) be two C∞−rings and let h : (A,Φ) →
(B,Ψ) be a surjective C∞−homomorphism. The following functions are bijec-
tions:
h∗ : Cong (B,Ψ)→ {S ∈ Cong (A,Φ) | ker(h) ⊆ S}
R 7→ (h× h)⊣[R]
h− : I(A,Φ)→ {I ′ ∈ I(B,Ψ) | ϕA(ker(h)) ⊆ I
′}
J 7→ h⊣[J ]
Proof. By theTheorem of the C∞−Isomorphism, we have the C∞−isomorphism:
h : (
A
ker(h)
, Φ)→ (B,Ψ)
a+ ker(h) 7→ h(a)
so
α : Cong
(
A
ker(h)
, Φ
)
→ Cong(B,Ψ)
S′ 7→ {(h(s), h(s′)) | (s, s′) ∈ S′}
is a bijection whose inverse is given by:
β : Cong (B,Ψ)→ Cong
(
A
ker(h)
, Φ
)
R 7→ {(h
−1
(r), h
−1
(r′))|(r, r′) ∈ R} = {(a+ ker(h), a′ + ker(h))|(h(a), h(a′)) ∈ R}
TakingR = ker(h) in the Lemma 3 yields a bijection (qker(h))
∗ : Cong
(
A
ker(h)
)
→
{S ∈ Cong (A) | ker(h) ⊆ S}.
Now it suffices to prove that h∗ = (qker(h))
∗ ◦ β.
Since h is an isomorphism, note that β = h
∗
, and as h = h ◦ qker(h), we get
h∗ = q∗ker(h) ◦ h
∗
, as we claimed.
The proof for h− is analogous, since h− = (qker(h))
− ◦ h
−
.
The following proposition gives us a description of C∞−rings via generators
and relations.
Proposition 17. Let (A,Φ) be any C∞−ring. The C∞−congruences of (A,Φ)
are classified by the ring-theoretic ideals of (A,Φ).
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Proof. Given any C∞−ring (A,Φ), we have the following isomorphism:
εA :
C∞(RU(A))
ker(εA)
∼=
→ A
so we can write:
A ∼=
L(A)
ker(εA)
=
C∞(RA)
ker(εA)
.
By Lemma 2, we have a bijection:
ψA : Cong (C
∞(RA), ΦA)→ I(C
∞(RA), ΦA)
Note that given any R ∈ Cong (C∞(RA), ΦA) such that ker(εA) ⊆ R, we have
ψA(ker(εA)) = {g ∈ C
∞(RA)|(g, 0) ∈ ker(εA)} ⊆ {g ∈ C
∞(RA)|(g, 0) ∈ R} =
ψA(R), so:
ψA[{R ∈ Cong (C
∞(RA), ΦA) | ker(εA) ⊆ R}] ⊆ {I
′ ∈ I(C∞(RA), ΦA) | ψA(ker(εA)) ⊆ I
′}.
Also, let I ′ ∈ I(C∞(RA), ΦA) be such that ψA(ker(εA)) = {g ∈ C
∞(RA) |
(g, ΦA(0)) ∈ ker(εA)} ⊆ I
′. Given (g1, g2) ∈ ker(εA), we have (g1 − g2, ΦA(0)) ∈
ker(εA), and since {g ∈ C
∞(RA) | (g, ΦA(0)) ∈ ker(εA)} ⊆ I
′, g1 − g2 ∈ I
′, so
ker(εA) ⊆ ϕA(I
′) and :
ϕA[{I
′ ∈ I(C∞(RA), ΦA) | ψA(ker(εA)) ⊆ I
′}] ⊆ {R ∈ Cong (C∞(RA), ΦA) | ker(εA) ⊆ R}.
We have, thus the functions:
ψ′A : {R ∈ Cong (C
∞(RA), ΦA) | ker(εA) ⊆ R} → {I
′ ∈ I(C∞(RA), ΦA) | ψA[R] ⊆ I
′}
R 7→ ϕA(R) = {g ∈ C
∞(RA)|(g, φA(0)) ∈ R}
that is, ψ′A = ψA ↾{R∈Cong (C∞(RA),ΦA)|ker(εA)⊆R}, and:
ϕ′A : {I
′ ∈ I(C∞(RA), ΦA) | ψA[R] ⊆ I
′} → {R ∈ Cong (C∞(RA), ΦA) | ker(εA) ⊆ R}
I ′ 7→ ϕA(I
′) = {(g1, g2) ∈ C
∞(RA)× C∞(RA) | g1 − g2 ∈ I
′}
where
ϕ′A = ϕA ↾{I′∈I(C∞(RA),ΦA)|ϕA[R]⊆I′} .
Since ϕ′A and ψ
′
A are inverse bijections, we have the following commutative
diagram:
Cong (C∞(RA), ΦA)
ψA // I(C∞(RA), Φ)
{R ∈ Cong(C∞(RA), ΦA)| ker(εA) ⊆ R}
?
ı
OO
ψ′A // {I ′ ∈ I(C∞(RA), ΦA) | ψA(ker(εA)) ⊆ I ′}
?

OO
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where ı and  are the ordinary inclusions.
We also have the bijection given in the Lemma 3:
(qker(εA))
∗ : Cong
(
C∞(RA)
ker(εA)
, Φ
)
→ {R ∈ Cong (A,Φ)| ker(εA) ⊆ R}
and the bijection given in lemmas Lemma 4 and 2:
(qker(εA))
− : I
(
C∞(RA)
ker(εA)
, Φ
)
→ {I ′ ∈ I(C∞(RA), Φ)|ϕA(ker(εA)) ⊆ I
′}.
Hence, we have the following bijection:
ψ C∞(RA)
ker(εA)
: Cong
(
C∞(RA)
ker(εA)
, Φ
)
→ I
(
C∞(RA)
ker(εA)
, Φ
)
,
since the following diagram commutes:
Cong (C∞(RU(A)), Φ)
ψU(A) // I(C∞(RU(A)), Φ)
{R ∈ Cong(C∞(RA), ΦA)| ker(εA) ⊆ R}
?
OO
ψ′A // {I ′ ∈ I(C∞(RA), ΦA) | ϕA(ker(εA)) ⊆ I ′}
?
OO
Cong
(
C∞(RA)
ker(εA)
, Φ
)(qker(εA))∗
OO
ψ
C∞(RU(A))
ker(εA)
//
33
I
(
C∞(RA)
ker(εA)
, Φ
)(qker(εA))−
OO
kk
Since εA :
C∞(RU(A))
ker(εA)
∼=
→ A is an isomorphism, we have the bijections:
Cong(A,Φ)
(εA)
∗
→ Cong
(
C∞(RA)
ker(εA)
, Φ
)
and
I(A,Φ)
(εA)
−
→ I
(
C∞(RA)
ker(εA)
, Φ
)
so we have the bijection:
ψ(A,Φ) : Cong (A,Φ)→ I(A,Φ),
since the following diagram commutes:
68 J. C. Berni and H. L. Mariano
Cong
(
C∞(RA)
ker(εA)
, Φ
) ψ C∞(RU(A))
ker(εA) // I
(
C∞(RA)
ker(εA)
, Φ
)
(εA)
−

Cong (A,Φ)
θ
OO
ψ(A,Φ)
// I(A,Φ)
Given any C∞−ring (A,Φ), there is a ring-theoretical ideal I = ψA(ker(εA))
such that:
(A,Φ) ∼=
(
C∞(RA)
I
, Φ
)
,
that is, every C∞−ring is the quotient of a free C∞−ring by some of its ring-
theoretic ideals. We say that any C∞−ring is given by generators and relations.
Remark 9. Let (A,Φ) be a C∞−ring. The set Cong (A,Φ) is partially ordered by
inclusion. Also, given {Ri|i ∈ I} ⊆ Cong (A,Φ), we have:⋂
i∈I
Ri ∈ Cong (A,Φ),
so we can define: ∧
: P(Cong(A,Φ))→ Cong
{Ri | i ∈ I} 7→
⋂
i∈I{Ri | i ∈ I}
.
Also, given {Ri | i ∈ I} ⊆ Cong (A,Φ), we define:
∨
: P(Cong(A,Φ))→ Cong
{Ri | i ∈ I} 7→
⋂
{R ∈ Cong(A,Φ) |
⋃
i∈I{Ri | i ∈ I} ⊆ R}
,
so (Cong (A,Φ),
∧
,
∨
) is a complete lattice.
Note that I(A,Φ), partially ordered by inclusion, also has a structure of com-
plete lattice, since it the set of ring-theoretic ideals of (A,Φ(+), Φ(·), Φ(−), Φ(0), Φ(1)).
We have constructed, in Proposition 17, a bijection:
ϕ(A,Φ) : Cong (A,Φ)→ I(A,Φ).
ϕ(A,Φ) : Cong (A,Φ)→ I(A,Φ)
R 7→ {g ∈ A|(g, 0) ∈ R}
We claim that ϕ(A,Φ) : Cong(A,Φ)→ I(A,Φ) is an isomorphism of lattices.
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Given {Ri|i ∈ I} ⊆ Cong (A,Φ), it is easy to see that:
ψ(A,Φ)
(∧
{Ri|i ∈ I}
)
=
∧
ψ(A,Φ)(Ri),
so ψ(A,Φ) is a homomorphism of lattices. Also, given R,S ∈ Cong (A,Φ) such
that R ⊆ S, we have:
ψ(A,Φ)(R) ⊆ ψ(A,Φ)(S).
Given I ′ ⊇ ψ(A,Φ)(R), since ψ
′
A is surjective, there is some S ∈ Cong (A,Φ)
with ψ′A(S) = I
′. Also, since ψ′A is injective, such an S is unique.
Now,
ψ(A,Φ)(R) ⊆ ψ(A,Φ)(S),
so
R = ψ⊣(A,Φ)[ψ(A,Φ)(R)] ⊆ ψ(A,Φ)
⊣[ψ(A,Φ)(S)] = S
Since ψ(A,Φ) is bijective, it follows that ψ(A,Φ) is an isomorphism of complete
lattices. Moreover, both lattices are algebraic lattices, whose compact elements
are the finitely generated congruences or ideals.
The following result relates the ideals of a product of C∞−rings with the
ideals of its factors.
Proposition 18. Let A and B be two C∞−rings and let I(A) be the set of all
ideals of A and I(B) be the set of all ideals of B. Every ideal of the product
A × B has the form a × b, where a is an ideal of A and b is an ideal of B, so
we have the following bijection:
Φ : I(A)× I(B)→ I(A×B)
(a, b) 7→ a× b
Proof. Let p1 : A×B → A and p2 : A×B → B be the canonical projections of
the product:
A×B
p1
vv♠♠♠
♠♠♠
♠♠♠
♠♠♠
♠♠
p2
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
A B
and let I be any ideal of A× B. We have:
p1[I] = {a ∈ A|(∃b ∈ B)((a, b) ∈ I)} = {a ∈ A|(a, 0) ∈ I}
p2[I] = {b ∈ B|(∃a ∈ A)((a, b) ∈ I)} = {b ∈ B|(0, b) ∈ I}
We claim that p1[I]× p2[I] = I.
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Given (a, b) ∈ I, then p1(a, b) = a ∈ p1[I] and p2(a, b) = b ∈ p2[I], so
(a, b) ∈ p1[I] × p2[I]. Conversely, given (a, b) ∈ p1[I] × p2[I], a ∈ p1[I] and
b ∈ p2[I], so (a, 0) ∈ I and (0, b) ∈ I, so (a, b) = (a, 0) + (0, b) ∈ I.
Since for every a, ideal of A and for every b ideal of B, a × b is an ideal of
A×B, the following map is a bijection:
Φ : I(A)× I(B)→ I(A×B)
(a, b) 7→ a× b
In the following proposition we are going to describe how to calculate any
limit and any directed colimit, making use of the forgetful functor U : C∞Rng→
Set.
Proposition 19. In the category C∞Rng of the C∞−rings, all the limits and all
filtered colimits exist and are created by the forgetful functor U : C∞Rng→ Set.
Proof. Cf. p. 7 of [24]
By a general argument, it can be shown that the category C∞Rng has all
small colimits. In particular, coequalizers of pairs of C∞−homomorphisms, f, g :
(A,Φ)→ (B,Ψ), are given by quotients:
(A,Φ)
f //
g
// (B,Ψ)
qI //
(
B
I
, Ψ
)
where I = 〈{(f(a), g(a))|a ∈ A}〉.
In order to describe all small colimits, it is enough to construct coproducts,
and since C∞Rng has filtered colimits, it suffices to construct only finite coprod-
ucts. Also, since R ∼= C∞({∗}) is the initial C∞−ring, it is enough, by induction,
to describe binary coproducts in C∞Rng.
4.2 The C∞−Coproduct
In this subsection we describe the coproduct in the category C∞Rng, which
E. Dubuc calls “the C∞−tensor product”, and we call “the C∞−coproduct”.
First we give its categorial definition, then we define the binary C∞−coproduct
of free, finitely generated and finally the binary C∞−coproduct of arbitrary
C∞−rings. Then we give a description of the C∞−coproduct of an arbitrary
family of arbitrary C∞−rings.
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Definition 13. Let (A,Φ) and (B,Ψ) be two C∞−rings. We will denote the
underlying set of the coproduct of (A,Φ) and (B,Ψ) by A⊗∞B, and its corre-
sponding canonical arrows by ιA and ιB:
A
ιA
##❍
❍❍
❍❍
❍❍
❍❍
A⊗∞ B
B
ιB
;;✈✈✈✈✈✈✈✈✈
In order to describe concretely the coproduct in C∞Rng, first we compute
the coproduct of two free C∞−rings with m and n generators.
Since m = {0, · · · ,m−1}, n = {0, · · · , n−1},m⊔n ∼= m+n and the functor
L : Set → C∞Rng preserves coproducts (since it is a left adjoint functor), we
have:
C∞(Rm)⊗∞ C
∞(Rn) ∼= C∞(Rm × Rn) ∼= C∞(Rm+n)
Now, given ideals I ⊂ C∞(Rm) and J ⊂ C∞(Rn), then:
C∞(Rm)
I
⊗∞
C∞(Rn)
J
∼=
C∞(Rm × Rn)
(I, J)
,
where (I, J) = 〈f ◦π1, g◦π2|(f ∈ I)&(g ∈ J)〉, where π1 : R
m×Rn → Rm and
π2 : R
m ×Rn → Rn are the projections on the first and the second coordinates.
Now, given any two C∞−rings, (A,Φ) and (B,Ψ), we describe concretely
their coproduct.
First we write (A,Φ) and (B,Ψ) as colimits of their finitely generated C∞−sub-
rings:
(A,Φ) ∼= lim−→
i∈I
(Ai, Φi)
and
(B,Ψ) ∼= lim−→
j∈I
(Bj , Ψj)
Then, observing that colimits commute with coproducts, we have:
A⊗∞ B ∼= lim−→
i∈I
j∈J
Ai ⊗∞ Bj
Now let {(Ai, Φi)|i ∈ I} be any set of C
∞−rings. As mentioned in Remark 5
of Subsection 2.4 , such a family has a coproduct in C∞Rng. This coproduct
is given by the colimit:
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⊗
∞
i∈I
Ai = lim−→
I′⊆finI
⊗
∞
i∈I′
Ai
4.3 Addition of Variables: The C∞−Ring of Polynomials
As an application of the construction given above, we can describe the process
of “adding a set S of variables to a C∞−ring (A,Φ)”. The construction is given
as follows:
Let (A,Φ) be any C∞−ring and let S be any set. Consider L(S) = C∞(RS),
the free C∞−ring on the set S of generators, together with its canonical map,
S : S → C
∞(RS). If we denote by:
A
ιA
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
A⊗∞ C
∞(RS)
C∞(RS)
ι
C∞(RS)
55❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥❥
the coproduct of A and C∞(RS), define:
xs := ιC∞(RS)(S(s)).
We thus define:
A{xs|s ∈ S} := A⊗∞ C
∞(RS).
We have a natural bijection:
C∞(RS)→ A⊗∞ C
∞(RS)
S → U(A⊗∞ C∞(RS))
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